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—— Abstract

We introduce PHFL, a probabilistic extension of higher-order fixpoint logic, which can also be
regarded as a higher-order extension of probabilistic temporal logics such as PCTL and the pP-
calculus. We show that PHFL is strictly more expressive than the uP-calculus, and that the PHFL
model-checking problem for finite Markov chains is undecidable even for the p-only, order-1 fragment
of PHFL. Furthermore the full PHFL is far more expressive: we give a translation from Lubarsky’s
p-arithmetic to PHFL, which implies that PHFL model checking is II}-hard and Yi-hard. As a
positive result, we characterize a decidable fragment of the PHFL model-checking problems using
a novel type system.
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1 Introduction

Temporal logics such as CTL and CTL* have been playing important roles, for example, in
system verification. Among the most expressive temporal logics is the higher-order fixpoint
logic (HFL for short) proposed by Viswanathan and Viswanathan [21], which is a higher-
order extension of the modal p-calculus [13]. HFL is known to be strictly more expressive
than the modal p-calculus but the model-checking problem against finite models is still
decidable.

In view of the increasing importance of probabilistic systems, temporal logics for prob-
abilistic systems (such as PCTL [7]) and their model-checking problems have been studied
and applied to verification and analysis of probabilistic systems and randomized distributed
algorithms [14]. Recently Castro et al. [2] have proposed a probabilistic extension of the
modal p-calculus, called the u?-calculus. They showed that the pP-calculus is strictly more
expressive than PCTL and that the model-checking problem for the uP-calculus belongs to
NP N co-NP.

In the present paper, we introduce PHFL, a probabilistic higher-order fixpoint logic,
which can be regarded as a probabilistic extension of HFL and as a higher-order extension
of the pP-calculus. PHFL strictly subsumes the p?-calculus [2], which coincides with order-0
PHFL.

We prove that PHFL model checking for finite Markov chains is undecidable even for
the order-1 fragment of PHFL without fixpoint alternations, by giving a reduction of the

© Yo Mitani, Naoki Kobayashi and Takeshi Tsukada;

licensed under Creative Commons License CC-BY
5th International Conference on Formal Structures for Computation and Deduction (FSCD 2020).
Editor: Zena M. Ariola; Article No. 20; pp. 20:1-20:26

Leibniz International Proceedings in Informatics
LIPICS Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik, Dagstuhl Publishing, Germany



20:2 A Probabilistic Higher-order Fixpoint Logic

value problem of probabilistic automata [20, 19]. In the presence of fixpoint alternations
(i.e., with both least and greatest fixpoint operators), PHFL model checking is even harder:
the order-1 PHFL model-checking problem is ITi-hard and Yi-hard. The proof is by a
reduction from the validity checking problem for p-arithmetic [16] to PHFL model checking.
This may be surprising, because both order-0 PHFL model checking (i.e. uP-calculus model
checking) for finite Markov chains [2] and HFL model checking for finite state systems [21]
are decidable. The combination of probabilities and higher-order predicates suddenly makes
the model-checking problem highly undecidable.

As a positive result, we identify a decidable subclass of PHFL model-checking problems.
To characterize the subclass, we introduce a type system for PHFL formulas, which is
parameterized by Markov chains M. We show that the model-checking problem M | ¢
is decidable provided that ¢ is typable by the type system for M, by giving a decision
procedure using the decidability of existential theories of reals. The decidable subclass
is reasonably expressive: the problem of computing termination probabilities of recursive
Markov chains [3] can be reduced to the subclass.

The rest of this paper is organized as follows. Section 2 introduces PHFL and shows
that it is strictly more expressive than the pP-calculus. Section 3 proves undecidability of
the model-checking problem for p-only and order-1 PHFL. Section 4 proves that the PHFL
model-checking problem is both II}-hard and Xi-hard. Section 5 introduces a decidable
subclass of PHFL model-checking problems, and shows that the subclass is reasonably large.
Section 6 discusses related work, and Section 7 concludes the paper.

2 PHFL: Probabilistic Higher-order Fixpoint Logic

This section introduces PHFL, a probabilistic extension of HFL [21]. Tt is a logic used for
describing properties of Markov chains. We define its syntax and semantics and show that
it is more expressive than the pP-calculus [2].

2.1 Markov Chains

We first recall the standard notion of Markov chains. Our definitions follow those in [2].

» Definition 1. A Markov chain over a set AP of atomic propositions is a tuple (S, P, pap, Sin)
where

S is a finite set of states,
P: S xS —[0,1] satisfying Vs. Y cg
pap: AP — 25 is a labeling function, and

P(s,s") =1 describes transition probabilities,

Sin € S 1s an initial state.
For a Markov chain M = (S, P, pap, Sin), its embedded Kripke structure is K = (S, R, pAp, Sin)
where R C S x S is a relation such that R = {(s, s")|P(s,s’) > 0}.

Intuitively, P(s,s’) denotes the probability that the state s transits to the state s’, and
pap(p) gives the set of states where p is true. Throughout the paper, we assume that the
set AP of atomic propositions is closed under negations, in the sense that for any p € AP,
there exists p € AP such that pap(p) = S\ par(p).

Given a Markov chain M, we often write Sys, Par, pap,ar, Sin,m for its components; we
omit the subscript M when it is clear from the context.
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2.2 Syntax of PHFL Formulas

As in HFL [21, 11], we need the notion of types to define the syntax of PHFL formulas.
The set of types, ranged over by 7, is given by:

7 1= Propgg 1y | Propy |11 — 2.

The type Prop (0,1} 18 for qualitative propositions, which take truth values (0 for false, and 1
for true). In contrast, Propyg 1) is the type of quantitative propositions, whose values range
over [0,1]. Intuitively, the value of a quantitative proposition represents the probability
that the proposition holds. The type 71 — 72 is for functions from 7 to 7». For exam-
ple, (Propgo 1y — Propyo1y) — Propy ) represents the type of (higher-order) quantitative
predicates on a qualitative predicate.

We assume a countably infinite set Var of variables, ranged over by X;, Xo,.... The set
of PHFL (pre-)formulas, ranged over by ¢, is given by:

¢u=p| X1 V2| o1 Apa|[d]s {0} 00| 0d] O |uX.0|vX.d|ANX.B]d1 P2

Here, p ranges over the set AP of atomic propositions (of the underlying Markov chains; we
thus assume that AP is closed under negations). The subscript J of [¢], is either “> 7 or
“> r” for some rational number r € [0, 1]. We often identify J with an interval: for example,
“> r”isregarded as (r,1] = {z | r <z < 1}. Given a quantitative proposition ¢, the formula
[¢]>r (resp. [¢]>r) is a qualitative formula, which is true just if the probability that ¢ holds
is greater than r (resp. no less than r). The formulas O¢, O¢, and ()¢ respectively mean
the minimum, maximum, and average probabilities that ¢ holds after a one-step transition.
The formulas uX.¢ and vX.¢ respectively denote the least and greatest fixpoints of A X.¢.
Note that ¢ may denote higher-order predicates (unlike in the modal p-calculus and its
probabilistic variants [2, 17, 18], where fixpoints are restricted to propositions). We have
also A-abstractions and applications, to manipulate higher-order predicates. The prefixes
uX, vX and AX bind the variable X. As usual, we identify formulas up to the renaming of
bound variables and implicitly allow a-conversions.

In order to exclude out ill-formed formulas like (p; V p2)(¢), we restrict the shape of
formulas through a type system. A type environment is a map from a finite set of variables
to the set of types. A type judgment is of the form I" - ¢ : 7. The typing rules are shown
in Figure 1. In the figure, P is a meta-variable ranging over the set {Propyq 1y, Propg 1} of
proposition types. For example, the rule for ¢; A ¢ means that I' - ¢;: Prop (0.1} for each
1€ {1,2} implies T F ¢y A¢pa: Propyg 1y and that I' - ¢;: Propy, ) for each i € {1, 2} implies
T'F o1 Ags: Proppg 4 A formula ¢ is well-typed if T'F+ ¢ : 7 is derivable for some I' and 7.
Henceforth, we consider only well-typed formulas.

» Example 2. For a proposition p € AP, the formula ¢ = (LFAX. XV F(OX)) {p} is a
well-typed formula of type Propj ;. By unfolding the fixpoint formula, we obtain:

6= (AX.X V (LEAX.X V F(OX))(OX)){p}
= {p} vV (pFAX.X v F(OX))(O{r})
= {p} vO{p} V(UFAX.X V F(OX))(O O {r})
={ptvO{ptvOO{p}tv: -

Thus, intuitively, the formula represents the function that maps each state s to the value
SUpy>o gk Where g is the probability that a k-step transition sequence starting from the
state s ends in a state satisfying p. <
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L't ¢ Propy q 't ¢ Propgg 1y
I'Ep:Proproyy T, X:7HEX:7 TH[¢]s: Propgy  T'h {$}: Propyg 1

F"(]Sl,d)glp F"(]ﬁh(ﬁglp Fl_qZSIP
F"¢1/\¢2:P F"(bl\/(ﬁglp F}_D(ﬁp
I'¢:P L' ¢ Propjg IX:TH¢:T
I'EOp:P 't O¢ : Propyg y) 'kFupuX.¢:r
I'X:7r-¢:7 I'X:nko¢:m o1 =1 'v:n

rcvXoe:r FrEXXo:1 —>m T'oy:m

Figure 1 Type Derivation Rules for PHFL.

» Remark 3. Following [11], we have excluded out negations. By a transformation similar to
that in [15] and our assumption that the set of atomic propositions is closed under negations,
any closed formula of PHFL extended with negations can be transformed to an equivalent
negation-free formula. <

We define the order of a type 7 by:
order(Propyo 1y) = order(Propyg 1) =0 order(my — T2) = max(order(m1)+1, order(rs)).

The order of a formula ¢ such that I' - ¢ : 7 is the largest order of types used in the
derivation of I' = ¢ : 7. The order-k PHFL is the fragment of PHFL consisting of formulas
of order up to k. Order-0 PHFL coincides with the pP-calculus [2].

2.3 Semantics

We first give the semantics of types. We write <g for the natural order over the set R of
real numbers, and often omit the subscript when there is no danger of confusion. For a map
f, we write dom(f) for the domain of f.

» Definition 4 (Semantics of Types). For each 7, we define a partially ordered set [7] =
(D, <;) inductively by:

Diropgoy =S {01} [ Spropgy,, 9 <2 Vs € S.f(s) < g(s)
mep[oﬂl] =5 —10,1] f < Prop.1; 9 DL S.f(s) < g(s)

Dy yry ={f €Ds, = Dy, |Va,y € Dy x <1y = f(x) <5, f(y)}
f Sniom 9 <L Vo € Dy f(2) <y g(o).

For a type environment T, we write [T'] for the set of maps [ such that dom(f) = dom(T)
and f(x) € Dr(y) for every x € dom(T').

Note that [7] forms a complete lattice for each 7. We write L, for the least element of
[7], and for a set V' C D, we write \/_V for the least upper bound of S with respect to
<,; we often omit the subscript 7 if it is clear from the context. Note also that for every
functional type 71 — 72, every element of D, _,., is monotonic. Thus, for every type 7 and
every function f € D._,,, the least and greatest fixed points of f exist.
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We now define the semantics of formulas. Since the meaning of a formula depends on
its type environment, we actually define the semantics [I' F ¢ : 7]as for each type judgment
I'F ¢ : 7. Here, M is the underlying Markov chain, which is often omitted.

» Definition 5 (Semantics of Type Judgement). Let M be a Markov chain and assume
Tk ¢ : 7 is derivable. Then its semantics [I'F ¢ : T]as € [T] — [7] is defined by induction
on the (unique) derivation of T - ¢ : 7 by:

[U'Fp: Propgo iy lm(p) = As € Sm.if s € pap,m(p) then 1 else 0
[CEX:7lmlp) = p(X)
[ 61 o2 :Plulp) = As € Sar. i [0 6 Plar(o)s)
[TE¢1Vée:Plulp) = As€ SM-ig{l??Qi}[[F = i : Par(p)(s)
[CF (8] : Proproyla(p) = As € Suif [I'F ¢ 2 Propy y)[a(p)(s) € J then 1 else 0
[T+ {¢} = Propp 1]a(p) [T+ ¢ Propg 1yl (p)
[TFO¢:Pla(p) = As€ Suy. min  [['F ¢:P)u(p)(s)
s':Pa(s,8")>0
[CHOP:Pla(p) = Ase€Sy. max [['F¢:Plu(p)(s)
s':Pa(s,8")>0
[T'FQO¢: Propglm(p) = s € Swu. Z Pur(s,8)[T F & = Propg ]am(p)(s")
s'"€Sn
[TFuX.¢:7]m(p) = LFPAE D I,X 7k ¢:7]|m(p[X — v])
[TFvX.¢:7]m(p) = GFPOw e DI, X:7F¢:7]m(p[X — v)))
[TEAX.p:1 = ]mlp) = WweD, 0, X 1 b é:n]um(pX — )
[TEé1d2]m(p) = [TF é1]n(p) (IT'F ¢2]n(p))

Here P € { Propyg 1y, Propjg 1 }-

In the definitions of the semantics of O¢ and ¢@, the set S’ = {s’ € S|P(s,s’) > 0} is
non-empty and finite, because ), P(s,s’) = 1 and S is finite by the definition of Markov
chains. Thus the max/min operations are well-defined. We also note that [I' - ¢ : 7] is a
monotone function from [I'] to [7] (here [I'] is ordered by the component-wise ordering; note
also Remark 6 below). This ensures the well-definedness of the semantics of abstractions.

» Remark 6. Recall that in a formula [¢];, we allow the predicate J to be “> r” or “> r”
(where r € [0, 1]), but neither “< r” nor “< r”. Allowing “< r” would break the monotonicity
of the semantics of a formula. For example, [ H AX.[X]<; : Propyg 1) — Prop{(),l}]] =€
Dpropyy ,-As € S.(if v(s) < 1 then 1 else 0) is not monotonic. <

We often omit M, the type of the formula, and the type environment in the notation of
semantics when there is no confusion and just write [¢] or [I' + ¢] for [I' - ¢ : 7] ar. For
a Markov chain M = (S, P, pap, sim) and a closed PHFL formula ¢ of type Propyg 1y, we

write M | ¢ if [¢](sin) = 1.

» Example 7. Recall the PHFL formula ¢ = ¢ {p} where ¢y = pFAX.X vV F(OX) in
Example 2. We have

[6] = LFP (X0 € Dpropy -+ Propgy AT € Dprop , -As € S.

max (m s,v(As’ € 8S. ZP(S’, s") - (xs")) 3))

s

20:5
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n+1
> ()\v./\x.)\s.max (ac s,v(\s’ € S. Z P(s',s") - (z5")) s)) (mepm,l]ﬁpmpmyl])

:/\x.)\s.orgggn Z (z(sk) - H P(sj,8j11))
T 7 s081..85€SFt1 s0=5s 0<j<k-—1

for every n > 0. Thus, we have:
[¥] 2 Ax.As € S.5uPg0 Dy, shtt,so=s (w(sk) - [lo<j<k—1 P(si; sj+1))-
Actually, the equality holds, because the righthand side is a fixpoint of

.max(z,v(As € S. ZP(S,S’) (zs"))).

s’/

Av € DP'rop[owl]—)Prop[OJ] AT € DP'rop[o’l]

The semantics of ¢ is, therefore, given by

[6] = As € S.sup 3 (par®)(se) - [ Plsjrsisn))- <

k20 818 €Sk +1 so=s 0<j<k—1

2.4 Expressive Power

PHFL obviously subsumes the pP-calculus [2], which coincides with order-0 PHFL. Hence
PHFL also subsumes PCTL [7], since the pP-calculus subsumes PCTL [2].
PHFL is strictly more expressive than the uP-calculus.

» Theorem 8. Order-1 PHFL is strictly more expressive than the uP-calculus, i.e., there
exists an order-1 PHFL proposition ¢ such that ¢ is not equivalent to any pP-formula.

Proof. Let M be the set of Markov chains M = (S, P, pap, sin) that satisfy the following

conditions.
S = {s0,81,...,5n} for a positive integer n,
P(s;,8i41) =1 (0<i<n-—1), P(sy,s,) =1 and P(s;,s;) = 0 otherwise.
There are three atomic propositions a,b,c with pap(a) U pap(b) = {s0,51,-.-,8n—1},

pap(a)Npap(b) =0 and pap(c) = {sn}.
The initial state is s;j, = sg

Let ¢ be the order-1 PHFL formula of type Propyg 1y:
(WEAX.aANO(XVFOLANOX)))(bA Oc).

Note that, for M € M, M [ ¢ holds just if n is even, and pap satisfies pap(a) =
{s0,51,...,52 1} and pap(b) = {sz,5n41,...,50-1}

We show that there is no pP-formula equivalent to ¢. Suppose that a pP-formula ¢ were
equivalent to ¢, which would imply that M = ¢ if and only if M | ¢’ for any M € M.
For M € M, let us write K;; for the embedded Kripke structure of M. Since all the
transitions in M are deterministic, there exists a modal p-calculus formula ¢” such that
M = ¢ if and only if Kj; = ¢ (note that ¢” is obtained by replacing O with ¢, and
replacing [¢1]; with true if J is “> 07 and with ¢; otherwise). That would imply that
Ky E ¢" for M € M, just if n is even and pap satisfies pap(a) = {80,51,...,8%_1}
and pap(b) = {sn,sn41,...,8,-1}. But then ¢" corresponds to the non-regular language
{a™b™ | m > 1}, which contradicts the fact that the modal u-calculus can express only
regular properties. <
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3 Undecidability of PHFL Model Checking

In this section we prove the undecidability of the following problem.

» Definition 9 (PHFL Model Checking). The PHFL model-checking problem for finite
Markov chains is the problem of deciding whether M |= ¢, given a (finite) Markov chain M
and a closed PHFL formula ¢ of type Prop, 1y as input.

We prove that the problem is undecidable even for the order-1 fragment of PHFL with-
out fixpoint alternations, by a reduction from the undecidability of the value-1 problem [6]
for probabilistic automata [20]. In contrast to the undecidability of PHFL model check-
ing, the corresponding model-checking problems are decidable for the full fragments of the
pP-calculus [2] and (non-probabilistic) HFL [21], with fixpoint alternations. Thus, the com-
bination of probabilities and higher-order predicates introduces a new difficulty.

In Section 3.1, we review the definition of probabilistic automata and the value-1 problem.
Section 3.2 shows the reduction from the value-1 problem to the PHFL model-checking
problem.

3.1 Probabilistic Automata

We review probabilistic automata [20] and the undecidability of the value-1 problem. Our
definition follows [4].

» Definition 10 (Probabilistic Automata). A probabilistic automaton A is a tuple (Q, 3, qr, A, F)
where

Q is a finite set of states,

Yl is a finite set of input symbols,

qr € Q is an initial state,

A Qx ¥ = D), where D(Q) :== {f: Q@ — [0,1] | X2 o f(g) = 1} is the set of

probabilistic distributions over the set @Q, represents transition probabilities, and

F C Q is a set of accepting states.
For a word w = wy - --w, € X", the probability that w is accepted by A = (Q,%,qr1, A, F),
written A(w), is defined by:

A(w) = Z H A(gi—1,wi)(gi)-
Q0,1 Gn—1€Q,qn€F 1<i<n
s.l. qo=qr

The value of a probabilistic automaton A, denoted by val(A), is defined by

val(A) := sup A(w).
weX*

The problem of deciding whether val(A) = 1, called the value-1 problem, is known to be
undecidable.

» Theorem 11 (Undecidability of The Value-1 Problem [6]). Given a probabilistic automaton
A, whether val(A) = 1 is undecidable.

3.2 The Undecidability Result

Let A= (Q,%,q1,A, F) be a probabilistic automaton, where ¥ = {cy, ..., ¢z} with || > 0.
We shall construct a Markov chain M4 and a PHFL formula ¢4, so that val(A) = 1 if and

FSCD 2020
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only if M4 E ¢4. The undecidability of PHFL model checking then follows immediately
from Theorem 11.

We first construct a Markov chain. The set AP of atomic propositions is {p. | ¢ €
Y} W {pr}. The Markov chain M4 = (S, P, pap, Sin) is defined as follows.

The set S of states is QW (Q x X).

The transition probability P is given by:

P((q,¢),q") = Alg, ¢)(q') (ceXandq,q €Q)

P(q,(g,¢)) .

— (ceX¥and ¢ € Q)
P(s,s')=0 (otherwise)

The first transition (from (g, c¢) to ¢') is used to simulate the transition of A from ¢ to
¢ for the input symbol ¢. The second transition (from ¢ to (g,c)) is used to choose the
next input symbol to be supplied to the automaton; the probability is not important, and
replacing 1/|X| with any non-zero probability does not affect the following arguments.
pap is defined by:

papr(pe) ={(q,c)|¢€Q} papr(pr) ={q|q€ I'}.

The initial state is si, = qr.
Intuitively, the Markov chain M, simulates the behavior of A. The atomic proposition p.
means that A is currently reading the symbol ¢, and pr means that A is in a final state.
Based on this intuition, we now construct the PHFL formula ¢4. For each ¢ € X, we
define a formula f. of type Propy 1; — Propy 17 by:

fc = )\XO({pc} A OX)

Intuitively f.(¢) denotes the probability that the automaton transits to a state satisfying ¢
given c as the next input. Given a word w = wyws ...w, € X*, we define the formula g,, by

Gw = fur (fur (- (fw, {pF}) - ).
We write A, for the automaton obtained from A by replacing the initial state with g.
» Lemma 12. A,(w) = [guw]ama(q) for every ¢ € Q.
Proof. By induction on the length of w. <

Using Lemma 12, we obtain val(A) = sup, ¢, [V pes<n Guwlaa (ar), where B=" is the set
of words of length up to n. This can be expressed by using the least fixpoint operator.

» Theorem 13. Let 04 be the formula of type Propy ) — Propy ) defined by:

04 = uF.(AX.X V \/ F(f. X)).

cEX

and let ¢4 = [0a{pr}]>1. Then val(A) = [0a{pr}lm.(qr). Therefore Ma = ¢4 if and
only if val(A) = 1.

Proof. Let

€= AFAX.XV \/ F(f.X).
ceX
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Then, it is easy to verify:

Oalu = FEFI = Vg, opropy (D] [ 7 € W)

where L := AZ.uU.U is the formula of type Propyg 1) — Propyg 1), and " (z) denotes n-times
applications of £ to x.
We have also: [€"(L) {pr}]la = [V yes<n guwln. Therefore, we obtain:

val(4) = S‘ip([[ V gulmalar) = Slrllp([[f"(i){pp}]](qz)) = [0a{pr}ae,(ar),

wEXSN

which implies the required result. |
The following is an immediate corollary of Theorems 11 and 13.

» Corollary 14 (Undecidability of PHFL Model-Checking Problem). There is no algorithm
that, given a Markov chain M and a closed order-1 formula ¢ of type Propg iy, decides
whether M = ¢.

We close this section with some remarks.?

» Remark 15. Note that the value val(A) of a probabilistic automaton cannot even be ap-
proximately computable [4]: there is no algorithm that outputs “Yes” if val(A) = 1 and
“No” if val(4) < 3. Thus, the proof of Theorem 13 (in particular, the result val(A) =
[04{pr}]r.(qr)) also implies that for a qualitative formula of PHFL 4, [¢] is not approx-
imately computable in general.

» Remark 16. It would be interesting to study a converse encoding, i.e., to find an encoding
of some fragment of the PHFL model checking problem into the value-1 problem. Such an
encoding may help us find a decidable class of the PHFL model checking problem, based on
decidable subclasses for the value-1 problem, such as the one studied in [5].

4 Hardness of the PHFL Model-Checking Problem

In the previous section, we have seen that PHFL model checking is undecidable even for the
fragment of PHFL without fixpoint alternations. In this section, we give a lower bound of
the hardness of the PHFL model-checking problem in the presence of fixpoint alternations.
The following theorem states the main result of this section.

» Theorem 17. The order-1 PHFL model-checking problem is I1}-hard and %} -hard.

Note that II} and %1, defined in terms of the second-order arithmetic, contain very hard
problems. For example, the problem of deciding whether a given first-order Peano arithmetic
formula is true is in those classes.

We prove this theorem by reducing the validity checking problem of the p-arithmetic [16]
to the PHFL model-checking problem. It is even possible to reduce the validity checking
problem of a higher-order extension of the p-arithmetic to the PHFL model-checking prob-
lem. The key in the proof is a representation of natural numbers as quantitative propositions
such that all the operations on natural numbers in the p-arithmetic are expressible in PHFL.

This section is structured as follows. Section 4.1 reviews the basic notions of the u-
arithmetic. Section 4.2 describes the reduction and proves the theorem above.

1 We would like to thank an anonymous reviewer for pointing them out.

20:9
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'y s:N Ikyst: N

NX:AF, XA 'k, Z:N ', Ss: N MF,s<t:Q

Lk, 0 L'k, ¢,9:Q INX:AbF,¢:T

F'EpoNy Q2 F'povey:Q P AX¢p: A>T
F'Fo¢p:A=T 'y A IX:Tk,¢:T IX:Tr,¢:T
'y T FEypXo:T ' veg:T

Figure 2 Typing Rules for the Higher-order Fixpoint Arithmetic.

4.1 Higher-Order Fixpoint Arithmetic

The p-arithmetic [16] is a first-order arithmetic with fixpoint operators. This section briefly
reviews its higher-order extension, studied by Kobayashi et al. [12].

As in PHFL, we first define the types of p-arithmetic formulas. The set of types, ranged
over by A, is given by:

Az:=N|T T:=Q|A—T.

The type N is for natural numbers, €2 for (qualitative) propositions, and A — T for functions.
We do not allow functions to return values of type IN. We define the order of types of the
p-arithmetic similarly to the PHFL types, by: order(N) = order(Q) = 0 and order(A —
T) = max(order(A) + 1, order(T)).

Assume a countably infinite set Var of variables ranged over by X. The set of formulas
is given by the following grammar.

S:X|Z|SS ¢=X|81S52‘¢1A¢2|¢)1\/¢2|>\X¢|¢1¢)2|MX¢|I/X¢

Here, Z and S respectively denote the constant 0 and the successor function on natural
numbers.

The typing rules are shown in Fig. 2. We shall consider only well-typed formulas. We
define the order of a formula as the largest order of the types of its subformulas.

» Definition 18 (Semantics of Types). The semantics of a type A is a partially ordered set
[A], = (Da,C4) defined inductively on the structure of A as follows.
1. The semantics of types N and Q are defined as follows.

Dy =N nCym<n=m
d
Dq = {0,1} pCagid p<y

2. The semantics of the type A — T is defined as follows.
Daosr={f:Dg— Dr|Vu,v€ Dgulpav = f(u)Cr f(v)}
d
fCasr 9 <L Vo e Daf(v) Cr g(v)
The semantics [17], of a type T forms a complete lattice; we write \/, for the least upper
bound operation, and L7 for the least element.
The interpretation [I'], of a type environment I' is the set of functions € such that

dom(f) = dom(T") and that 0(X) € [['(X)], for every X € dom(I'). It is ordered by the
point-wise ordering.
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» Definition 19 (Semantics of Formulas). The semantics of a formula ¢ with judgment
'k, ¢: A is a monotone map from [I'], to [A],, defined as follows.

[T H, X 2 ALL(6) == 6(X)
[T'F,Z:NJ],.(6):=0
[Tk, Ss:NJu(0):=[TFus:N].(0)+1
[Ch, s <t:Q0(0) = {1 (if [Tk, s: NJW(0) < [T H,t:NJ.(6))
: 0 (if[TCFus:NJu.60) > [Tk, t:N].(0))

[r Fu ¢/\¢ZQHM(9) [r Fu ¢ Q]]/L( )AL htgb:Q]]u(G)
[ oV Q) :=[CFyé:Q[u(0) VI, é:Q).(0)
[CF,AX.¢: A= T],(0) = e [A]. [T, X : Ay ¢ T]L(0[X — v])
Lo T]u(0) :=[TFpd: A= T].00) ([I'Fp v ALL(0))
[T Fu uX.¢:T]]H(9) LFP()\UGDT [T,v: ThH,¢: TI(O[X — v]))
() :

[Tk, vX.¢:T],(0) .= GFP(Av € Dp.[T,v:TF, ¢:T)(0[X — v)))

As in the case of PHFL, we write [¢],(6) for [I' i, ¢ : A],.(f) and just [¢], for [¢],.(D)
when there is no confusion.

» Example 20. Let ¢ = pFAX.(X =100V F(S(S X))) where 100 is an abbreviation of the
term S(S(...S Z)...). The semantics [¢], is a function f: N — {0,1} where f(n) =1 if
———

100
and only if n is an even number no greater than 100.

The walidity checking problem of the higher-order fixpoint arithmetic is the problem of,
given a closed formula ¢ of type (2, deciding whether [¢], = 1. The following result is
probably folklore, which follows from the well-known fact that the fair termination problem
for programs is Tl}-complete (see, e.g., Harel [8]), and the fact that the fair termination of a
program can be reduced to the validity of a first-order fixpoint arithmetic formula (see, e.g.,
[12] for the reduction).

» Theorem 21. The validity checking problem of the first-order fizpoint arithmetic is I -
hard and ¥} -hard.

» Remark 22. As for an upper bound, Lubarsky [16] has shown that predicates on natural
numbers definable by p-arithmetic formulas belong to Al. One can prove that the validity
problem for the p-arithmetic is Al as well.

4.2 Hardness of PHFL Model Checking

We give a reduction of the validity checking problem of the higher-order fixpoint arithmetic
to the PHFL model-checking problem. The main theorem of this section (Theorem 17) is
an immediate consequence of this reduction and Theorem 21.

Given a formula ¢ of the higher-order fixpoint arithmetic, we need to effectively construct
a pair (¢, M) of a formula of PHFL and a Markov chain such that ¢ is true if and only if
M = 1. The Markov chain M is independent of the formula ¢. We first define the Markov
chain and then explain the intuition of the translation of formulas.

The Markov chain M = (S, P, pap, sin) is shown in Figure 3. It is defined as follows.

The set of states is S = {so, $(, 51, ] }-

20:11
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Figure 3 The Markov Chain for Reduction from Higher-order Fixpoint Arithmetic to PHFL.

The transition probability satisfies P(so,s1) = P(so,sy) = P(sf,s0) = P(s(, 1) = 3,

P(s1,80) = P(s},s,) =1 and P(s;,s;) = 0 for all other pairs of states.

There are four atomic propositions pg, pj, p1, and p], representing each state (e.g. pap(po) =

{s0})-

The initial state s;, is sg.
For notational convenience, we write v € [Propyo y)[a as a tuple (v(so), v(sp), v(s1),v(s7)).

As mentioned at the beginning of this section, the key of the reduction is the representa-
tion of natural numbers, as well as operations on natural numbers. We represent a natural
number n by a quantitative propositional formula ¢ such that [¢]y = (2%, 1- 2%,_, ).
Here, _ denotes a “don’t care” value. We implement primitives on natural numbers Z, S
and <, as follows.

The constant Z can be represented by {po}: then [{po}]s = (1,0,0,0) = (1/2°1 —
(1/29),0,0) as expected.

Assuming that v represents n (i.e. [¢]a = (1/2,1—(1/2"), _, _)), the successor n + 1
can be given by

= O(O¥ A (pr V1)) Vpo).
Indeed, we have:

[[O¢]]M = (777, 2%’ 1- 2%)

[0 A o1V P)lar = (0,0, 51— o)

[(O¥ A o1 VPV polar = (1,0, 5,1~ 50)
[O(O% A Gr VIV pollls = (5 X v +5 % (1= 500,

1 1
=G - g )

It remains to encode <. We use the fact that, for any natural numbers n and m,

1 1 1 1
< 5 — > — & — 1-—)>1.
n<m on = om 2n+( 2m)—

The s{-component of the representation of a natural number plays an important role below.
Assume that ¢ and x represent n and m respectively. Then we have

[O¢ Al =(0,0,5:,0)  [xAphlu = (0,1~ 5-,0,0)
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and thus
[(OY Ap1) V(X App)lm = (0,1 — QLm 2in,o).
Therefore
[O(Ow APV (XA B = (5 % (g + (= 5))s o)

Therefore, n < m if and only if the sg-component of the above formula is > %
Let us formalize the above argument. We first give the translation of types:

tr(N) = Prop ) tr(§2) = Propyg 1y tr(A — T) = tr(A) — tr(T).

The translation can be naturally extended to type environments. Following the above dis-
cussion, the translation of formulas of type IV is given by

tr(Z) ={po}  and  tr(Ss) = O(Otr(s) A (prV P})) Vpo)-

The comparison operator can be translated as follows:

tr(s <) = [(O((Otr(s) Ap1) V (tr(t) App)))]> -

The translation of other connectives is straightforward:

tr(¢p Ap) = tr(o) A tr(y) tr(¢ V) = tr(o) V tr(y) tr(AX.¢) = AX.tr(¢)
tr(X)=X tr(p ) = tr(o) tr(vy) tr(uX.¢) = uX.tr(¢) tr(vX.¢) = vX.tr().

The following lemma states that the translation preserves types.
» Lemma 23. [fT'F, ¢: A, then tr(I') - tr(¢) : tr(A).

We prove the correctness of the translation. For each type A of the higher-order fixpoint
arithmetic, we define a relation (~4) C [A], x [tr(4)]ar by induction on A as follows:

n~n (ro,76,71,771) PLIN r0=2inand 7'6:1—2%
b~q (ro,r4,71,77) &L h=r
fr~asTyg PN Vo € [A], Yy € [tr(A)]m. 2 ~ay = fa~7gy.
This relation can be naturally extended to the interpretations of type environments: given
a type environment I' of the p-arithmetic, the relation (~r) C [I'],, x [tr(I')]as is defined by

O~rp S5 VX € dom(I). 6(X) ~r(x) p(X).

» Theorem 24. LetI' -, ¢ : A be a formula of the higher-order fixpoint arithmetic. Assume
0 €[], and p € [tr(T)]. If 6 ~r p, then [T, ¢ : A],(0) ~a [tr(T) F tr(¢) = tr(A)]a(p).
Proof. See Appendix A. <

» Corollary 25. The wvalidity problem of the order-k fizpoint arithmetic (where k > 0) is
reducible to the order-k PHFL model-checking problem.

Proof. Assume 0 -, ¢ : Q. By Theorem 24, [¢],, ~q [tr(¢)]a. Therefore, [¢], =1 if and
only if [tr(¢)]m(s0) = 1, i.e. M |= tr(¢). The mapping ¢ — (tr(¢), M) is obviously effective,
and preserves the order. |

Theorem 17 is an immediate consequence of Theorem 21 and Corollary 25.
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5 Decidable Subclass of Order-1 PHFL Model Checking

As we have seen in the last section, PHFL model checking is undecidable in general, even
for order 1. In this section, we identify a decidable subclass of the order-1 PHFL model-
checking problems (i.e., a set of pairs (¢, M) such that whether M}=¢ is decidable). We
identify the subclass by using a type system: we define a type system Ty, for PHFL formulas,
parameterized by M, such that if ¢ is a proposition well-typed in Tys, then M [=¢ is decidable.

We first explain the idea of the restriction imposed by the type system. By definition, the
semantics of a (closed) order-1 PHFL formula ¢ of type Propy, 1) — Propyg ;) with respect to
the Markov chain M is a map f from the set of functions S — [0, 1] to the same set, where
S is the set of states of M. Thus, if S = {s1,592,...,8,} is fixed, fs can be regarded as a
function from [0, 1]™ to [0,1]". Now, if the function fs were affine, i.e., if there are functions
fi, fa, ..., fn such that fy(ri,re,...,7%) = (fi(ri,72, .., 7%), .o, fu(r1,72, ..., 7)), Where
fi(ri,ma, ... rg) = cio+ciari +- - -+ ¢ k7 for some real numbers ¢; ;, then the function f,
would be representable by a finite number of reals ¢; ;. The semantics of an (alternation-free)
fixpoint formula would then be given as a solution of a fixpoint equation on the coefficients,
which is solvable by appealing to the existential theories of reals.

Based on the observation above, we use a type system to restrict the formulas so that the
semantics of every order-1 formula is affine. The conjunction ¢; A¢s is one of the problematic
logical connectives that may make the semantics of an order-1 formula non-affine: recall that
the min operator was used to define the semantics of conjunction. We require that for every
subformula of the form ¢1 A @2 and for each state s € S, one of the values [¢1](s) and [¢2](s)
is the constant 0 or 1. We can then remove the min operator, since we have min(0,z) = 0
and min(1,z) = x for every z € [0,1].

The discussion above motivates us to refine the type Prop[m] of quantitative propositions
to Prop”"Y where T,U C S and TNU = 0. Intuitively, the type Prop™Y is a type for values
v € Propy, 1) such that v(s) = 0 for all s € T and v(s) = 1 for all s € U; there is no guarantee
on the value of v(s) for s € S\ (T'UU). The syntax of refined types is given by:

o = K| Propg 1 K = Prop”Y | Prop™V — &

where T and U range over the subsets of S satisfying T NU = (). Note that each type
K # Propyg 1y can be expressed as Prop™Ur 5 Prop™V2 — ... 5 PropTeUs — ProptV
where k > 0. The formal definition of the semantics of types is given later.

We restrict PHFL formulas to those given by:

Y= (4] ¢u={p}|z|pr N2 | D1V d2| OOl px.¢|Av.d|d1 o

and further restrict them by using the typing rules in Figure 4. In the figure, the type
environment J maps each variable to a type in the set ranged over by x. The operator []
has been restricted to the top-level, and the operators ¢, and v have been removed. Note
that v is a qualitative formula and ¢ is a quantitative formula.

A key rule is for conjunctions. Note that [¢1 A ¢2](s) = 0 if either [¢1](s) = 0 or
[92](s) = 0 holds; hence s € Ty UT, implies [¢1 A ¢2](s) = 0. Note also that [d1 Ape](s) =1
if both [¢1](s) =1 and [¢2](s) = 1 hold. Thus, s € Uy N Uy implies [¢1 A ¢2](s) = 1. This
is why ¢1 A @2 has type PropTtPT2:Ui0V2 - The extra condition Ty UU; UT, UUs = S requires
that, for each state s, either [¢1](s) or [¢=2](s) is the constant 0 or 1; recall the earlier
discussion on a sufficient condition for the semantics of an order-1 formula to be affine. The
rule for disjunctions is analogous.

The following lemma states that a formula that is well-typed in Tj; is also well-typed in
the original PHFL type system.
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Kty ¢ : Prop™V TCcT U CU

Kb {p}: ProppAP(p)’p“P(p) Kby o: PmpT/’U/
Kb ér: Prop™Yt K bag ¢ 0 Prop™U2 TWUULUT,UU, =S

K Far é1 A g : PropTioT2)(Uin02)

Kb é1: Prop™ U K bap ¢o : Prop™ Y2 TUULUT,UUy = S
Kb dn Vo pmp(TlﬁTz),(UluUz)

Ktar ¢ : Prop™? Kt ¢ : Prop™V
K. X:kby Xk K Far (8l 2 Propyo 1y K+a O¢ : Prop”?
K, X :kbyo:k K, X :k1bym ¢ ko
ICI—M/.LX.(ﬁZIi IC"MAX.(blﬁl—)Iig

Kb do: Prop™ Ut — .. — Prop™Us — Prop™V K Far ¢i = Prop™Yi (1 <i<k)
Kby dodpr ... ¢k : PropT’U

Figure 4 Type Derivation Rules for the PHFL Subclass. Here X means the complement S\ X.

» Lemma 26. Let ¢ be a PHFL formula such that KC &y ¢ : k in Tyr. Define the translation
from the set of types in Tas to the set of types in PHFL by

tr(Propgo1y) = Propgg 1y tr(Prop™Y) = Propy 1) tr(k1 — k2) = tr(k1) — tr(k2)

and the translation of type environment K by (tr(K))(x) = tr(C(x)). Then we have tr(KC) F
o tr(k).

The lemma above can be proved by induction on the structure of ¢. Using the lemma, we
can define the semantics of a type judgment of the type system Ty by [K Far ¢ : ]ar =
[tr(KC) & ¢ : tr(k)]ar. The semantics is well-defined, i.e., [IC Fas ¢ : 6](n) € [&] for every ¢
and 7. As before, we often omit the type environment, the derived type and the subscript
of the Markov chain in the notation of the semantics.

» Example 27. Let p1,p2, p3 € AP be atomic propositions satisfying pap(p2)Npap(ps) = 0.
Consider the formula ¢ = O(({p2} A Of{p1}) V {ps} A Of{p1})). For each s € S, the value
[#](s) represents the probability that a two-step transition starting from s reaches a state
satisfying p; through a state satisfying ps or ps. We can derive () by ¢ - Propw’(b as

follows. First, {p1}, {p=}, and {ps} have types PropPrP1):par(p1) - propear®2)parp2) - anq

PropPAr(Ps)par®s) Tt follows that {ps} A Ofp1} and {ps} A O{p1} have types Propm’m
and Propm’m. Since pap(p2) U pap(ps) = pap(p2) Npap(ps) = ® = S, the formula
{p2X AO{p Y V ({ps} AOfp1}) has type PropPar®2)0par®s)0 from which we obtain 0y
¢ : Prop ¥ Note that the condition L(p2) N L(p3) = 0 was crucial in the type derivation
above. |

We have the following two theorems. The former one states the decidability result, and
the latter one states that the restricted subclass of the PHFL model-checking problems is
reasonably expressive. Proofs are found in Appendix B.

» Theorem 28. Let M be a Markov chain, and v be a PHFL formula satisfying Far ¢ :
Propgg1y. Then it is decidable whether M = .
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» Theorem 29. There exists an algorithm that takes a recursive Markov chain R and a
rational number r as input, and outputs an order-1 PHFL formula ¢r and a Markov chain
Mpg such that by, [PR]>r - Propyg 1y, and the termination probability of R is no less than

r if and only if Mg = [pr]>r-

6 Related Work

As mentioned in Section 1, PHFL can be regarded as a probabilistic extension of the higher-
order fixpoint logic, and as a higher-order extension of the pP-calculus. We thus compare
our work with previous studies on (non-probabilistic) higher-order fixpoint logic and those
on (non-higher-order) probabilistic logics. As already mentioned, for (non-probabilistic)
HFL, model checking of finite-state systems is known to be decidable [21], and k-EXPTIME
complete [1]. This is in a sharp contrast with our result that PHFL model checking is
highly undecidable (both ITi-hard and ¥}-hard) even at order 1. As for studies on proba-
bilistic logics, besides the pP-calculus, there are other probabilistic extensions of the modal
p-calculus [18; 9, 17]. To our knowledge, however, ours is the first higher-order and proba-
bilistic extension of the modal u-calculus.

Recently, Kobayashi et al. [10] introduced PHORS, a probabilistic extension of higher-
order recursion schemes (HORS), which can also be viewed as a higher-order extension of
recursive Markov chains (or probabilistic pushdown systems), and proved that the almost
sure termination problem is undecidable. Although the problem setting is quite different (in
our work, the logic is higher-order whereas the system to be verified is higher-order in their
work), our encoding of the p-arithmetic has been partially inspired by their undecidability
proof; they also represented a natural number n as the probability 2%

7 Conclusion

We have introduced PHFL, a probabilistic logic which can be regarded as both a probabilistic
extension of HFL and a higher-order extension of the probabilistic logic uP-calculus. We have
shown that the model-checking problem for PHFL for a finite Markov chain is undecidable
for the p-only and order-1 fragment. We have also shown that the model-checking problem
for the full order-1 fragment of PHFL is I1{-hard and ¥i-hard. As positive results, we have
introduced a decidable subclass of the PHFL model-checking problems, and showed that the
termination problem of Recursive Markov Chains can be encoded in the subclass.

Finding an upper bound of the hardness of the PHFL model-checking problem is left for
future work. It is also left for future work to find a larger, more natural decidable class of
PHFL model-checking problems.
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Appendix

A  Proof of Theorem 24

We prove the theorem by induction on the structure of ¢. In this proof, we omit the subscript

M of [—]ar for simplicity.

Case ¢ = X.
We have ¢r(¢) = X and

[tr($)](0) = 0(X) ~r(x) p(X) = [tr(¢)](p)-

Case ¢ = Z.
Then tr(¢) = {p(} and A = N. We have

[¢].(0) = 0 ~n (1,0,0,0) = [tr(¢)](p)-
Case ¢ = S't.
Let n = [t],(). By the induction hypothesis, we have

[016) = (o0 1= 5o~ )

By the definition of ¢r(¢) and calculation, we have
1 1
[010) = (g7 1= s ).

which implies [St],(0) =n+ 1~y [tr(¢)](p).
Case ¢ = (s < t).

Let n = [s],(8) and m = [t],.(#). By the induction hypothesis,
1 1
[[tr(s)]](p) - (277 71 - 277 ) _)
1 1
=(=—, ,1— — .
[1r)1(0) = (5o 1= g+ )
By the definition of ¢r(s < t) and calculation, we have
(1,7,777 lflx %_’_ 1- }n _l
M@s%@={ Pl 2
(0,7,7,7) (lf§X(27"+(1_27m))<§

Thus, we have [s < ],(0) ~q [tr(s < )](p) as required.

we have

, e if n <m)

e, if n>m).
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Case ¢ = 1 A s.
In this case we have A = Q and tr(A) = Propg 13-
By the induction hypothesis, we have

[Ty i s AL u(0) ~a [#r(T) F tr(ei) = tr(A)] ()

for each 1 =1, 2.
By definition of ~q, we have

[tr(T) = tr(hi) = ()] (p) = ([T b i = Q] (0), 5 )

for each ¢ = 1, 2. Therefore we have

[T o1 Ao = Q] u(0) = [1],.(0) A [102]u(6)
~Q ([[wlﬂu(e) A [[w2]]u(9)7 s 7)
= [¥1](p) A [¥2](p)
= [v1 A 2] (p)

as desired.

Case ¢ = 11 V 1.

Similar to the above case.

Case ¢ = AX.¢). In this case, A is of the foorm B — T, with I', X : B+, ¢ : T. By the
induction hypothesis, 1 satisfies

[T, X :BbF, ¢ :T],0[X —v]) ~por [tr(T, X : B) F tr(y) : tr(T)](p[X — u])

for any v € [B] and u € [tr(B)] such that v ~p w.
Therefore, by the definition of ~g_,7, we have

[Tk, ¢:B—=T],(0) ~por [tr(T) F tr(¢) : tr(B — T)](p)

as required.

Case ¢ = Y1 92. Wehave A=T, withI't-, 91 : B—=T and I' -, 92 : B.

By the induction hypothesis, we have [¢1],(0) ~pr [tr(¢1)](p) and [¢2],.(0) ~B
[¢tr(12)](p). Therefore by the definition of ~p_,7, we have

(91 2] () = [¥1],(0) ([¥2] ()
~a [tr(¥1)](p) ([tr(2)1(p))
= [tr(v12)](p)

as desired.

Case ¢ = uX.1.

In this case, A = T, with I',X : T -, ¢ : T. By the induction hypothesis, for any
v € [T], and u € [tr(T)] such that v ~7 u, we have

[ (01X = vl) ~1 [tr()](p[X = ).

Since tr(pX.4p) = pX.tr(z), it suffices to show:

[1X.4]u(0) ~r [pX-tr()](p).

FSCD 2020
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Let F: [T], — [T], and G : [¢r(T)] — [tr(T)] be the functions defined by:

F() = [¢lu(01X =) G(u) := [tr())(p[X = u)).

By the reasoning above, we have F ~7_,r G. By the definitions of the semantics, we
have [uX.9],(0) = LFP(F) and [pX.9](p) = LFP(G). Then there exists an ordinal «
such that

LFP(F) = F*(Lr)  and  LFP(G) = G*(Lur)),

where f#(x) is defined by fO(z) = =, f+1 = f(f?(z)), and [P = V., pf () if Bis a
limit ordinal. We shall prove by (transfinite) induction on 3 that F2(Ly) ~p G# (Lir(y),
which would imply

LFP(F) = F*(Ly) ~7 G*(Lir)) = LFP(G)

as required.

The base case FO(Lr) = Ly ~7 Loy = Ggo (Lir(ry) follows by a straightforward induc-
tion on the structure of 7. The case where 3 is a successor ordinal follows immediately
from the induction hypothesis and F ~7p_,r G. If 8 is a limit ordinal, then

FoLr) =V, pF (Lr)  and  GP(Llr) =V, _,6"(Lr).
By the induction hypothesis (of the transfinite induction),
F(Lr) ~r G7(L7)
for every v < 8. By Lemma 30 below, we have
FP(Lr) ~r G*(Lr)

as required.
Case ¢ = vX.¢. Similar to the case for ¢ = uX.1) above.

We prove the lemma used above.

» Lemma 30. Let I be a set and T be a type of p-arithmetic. Assume families {v; }icr and
{u; }ier of elements of [T], and [T], respectively, and suppose that v; ~p wu; for everyi € I.

Then | |ic;vi ~r ey wi-

Proof. By induction on the structure of 7. The base case 7 = 2 is obvious. Assume that
T=A->T".

Let z € [A], and y € [tr(B)] and assume that x ~4 y. For each i € I, since v; ~71 u;,

we have v; x ~7/ u; y. By the induction hypothesis,

|_|(vi T) ~or |_|(Uz' Y).

i€l i€l

Since the order on functions are component-wise, we have

So

<|_|vl-> r=| |(wiz) and <|_| ui> y=||(uiy).

i€l el iel el

() =~ (L) v
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Since x ~ 4 y is arbitrary, this means that
(|_|) o (|_|> .
i€l il

B Proofs for Section 5

B.1 Proof of Theorem 28
B.1.1 Matrix Representation

In this section we give a matrix representation for each value of the semantics of the types
in TM

As mentioned before, we fix the underlying Markov chain M with the set of states
S = {s1,82,...,8,}. Henceforth, we identify the set of functions S — [0, 1] with the set
[0, 1]™.

We first give the formal definition of the semantics of types in 7j;. As explained in
Section 5, the values of function types are restricted to affine functions.

» Definition 31. For each type k # Propy 1y in the type system Tar, we define its semantics

[£] = (Dy,Cx) by induction on k as follows.

1. For k = Prop™Y, D, is the set {v € [Propg ]l | Vs € Tow(s) = 0,Vs € Uw(s) = 1} and
f1 Bk f2 if and only if Vs € S.f1(s) < fa(s).

2. For k = Prop™Y — Prop™V2 —  Prop™ Vs — Prop™Y (k > 1), D, is the set of
affine functions f : ([0,1]")% — [0,1]" which belong to [tr(k)] (with the identification
between [0,1]° and [0,1]"), and fi T, fa if and only if for every tuple (vi,va,...,vg) in
[[PropTl’Ulﬂ X oo X [[PropT’“’U’“]}, the relation fivive ... v C fovivg ... vg holds.

We now give a matrix representation Mat, (f) for each type k # Propyg 1y of Tar and
f € []. For v € [Prop™], we write Vec(v) for the 1 x n matrix (v(s1)v(ss) ... v(sn)).

» Definition 32 (Matrix Representation). For an element f € [k] where k = Prop™ Y —

Prop™Y2 — . Prop™ U — Prop™V (k > 0), its matrix representation Mat,(f) is the

(unique) matriz M = (my;)i; of size (n+ 1) x (kn + 1) satisfying the following conditions.

1. For every tuple (vi,ve,...,v;) where v; € [[PropT“U"ﬂ (1 <i<k), the following equality
holds.

M( 1 Vee(v) Vec(va) ... Vec(vy) )T =(1 Vee(fvive...vy) )—r

2. Foreachi (1<i<k) s; € T;UU;, and £ (1 <L <n+1), the equality my (;_1yntj+1 =0
holds.

3. Foreachj (1<j<kn+1)ands; €T, the equality m;41,; =0 holds. Also, for each j
2<j<kn+1)ands; €U, the equaities m;y11 =1 and m;y1; = 0 hold.

4. For each j (2 <j <kn+1), the equalities mi; =1 and mi; =0 hold.

The existence of M satisfying the first condition is obvious from the assumption that f is

affine. The other conditions are imposed to ensure the uniqueness of M. We often omit

the type annotation and just write Mat for Mat,. For a (n + 1) x (kn + 1)-matrix M that

satisfies the condition 1 in Definition 32 for an element f € [x], we write normalize,, (f)(M)

for Mat,(f).
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When k = 0, the matrix representation Mat(v) for v € [Prop™V] is given by Mat(v) =
(1 Vec(v) )T

Given a 2-dimensional matrix M, we write M;; for the (i,j)-entry of M. The order
< between two matrices M and M’ of the same size (n + 1) x (kn + 1) is defined as the
pointwise order, i.e., M < M’ L vy <i<n+1,1<j<kn+1.M; < M.

We define the matrix semantics of a type & by [«],,,, = Mat([]) = {Mat(f) | f € [&]}.
For a type environment KC, its matrix semantics [K],,,, is the set of maps 1, satisfying
dom(nuar) = dom(K) and narat(X) € [K(X)] ., for all X € dom(K). For a type derivation
Kty ¢k, we write [IC Far ¢« k], for the map from [K],,,, to Mat([x]) defined by:

[ Far & Kl gar(nasar) = Mat([K Far ¢ 2 £](n))

Here, 7 satisfies n(X) = Mat™* (na1q:(X)) for each X € dom(K). For the well-definedness of
[ Fur ¢ K]y, above, it must be the case that [IC Fas ¢ : k](n) € [k], which can be easily
checked.

» Lemma 33. For each type r, the function Mat, : [k] = [K] . s an isomorphism.

Ty,

Proof. We prove the lemma for the case k = Prop SE— PropT’U. Extension to other

cases is easy.

We prove f1 C fo = Mat(f1) < Mat(f2). Let My = Mat(f1) and My = Mat(f2).
Assume M; < M, does not hold. Then there exist ¢ and j such that (M;);; > (M2);;.
By the definition of Mat, we have 2 < 4,7 <n+1and s;_; ¢ T1 UU;. Thus we can take
v € [Prop™ Y] where v(sj—1) # 0. For such v we have f;v Z fyv, which means that
f1 C fo does not hold. This implies f1 C fo = M; < Ms.
We prove Mat(f1) < Mat(fa) = f1 C fa. Assume f; C fo does not hold. Then
there exists v € [Prop’*'Y*] such that f; v C f»v does not hold. This v does not satisfy
Mat(f1)Mat(v) < Mat(f2)Mat(v), which means that Mat(f1) < Mat(f2) does not hold.
This implies Mat(f1) < Mat(f2) = f1 C fo.
Injectivity of Mat can be proved similarly as the claim f; C fo = Mat(f1) < Mat(f2).
Surjectivity of Mat is trivial by definition of [K] ;-

<

» Example 34. Let M = (S, P, pap, sin) be a Markov chain such that
S ={s1, 82,83},
P satisfies P(s1,s2) = 0.4, P(s1,s3) = 0.6, P(s2,51) = P(s3,51) = 1 and P(s;,s;) =0
for all the other pairs (s;,s;) € S x S,
there exist p1, p2,ps € AP such that pap(p;) = {s;} for each i € {1,2,3}, and
Sin = S1
Let us consider the the formula ¢ = AX. O ((({p1} V {p2}) A OX) V ({{p3} A OX)). The
matrix representation of the semantics of ¢ is

10 0 0

. Proplsa}0 @,@H _|o1r 00
[[¢'Pmp = Prop™ ] 00 04 0
00 04 0

1 0 0 0

. 0.{ss} m]] _| 0 1 00
[[¢'Pmp I 06 0 04 0
06 0 04 0

Note that the matrix representation [¢ : £],,,, depends on the type &. <



Y. Mitani et al.

B.1.2 Model-Checking Algorithm

In this section we give the model-checking algorithm of the restricted class, and prove The-
orem 28.

We first consider formulas without fixpoint operators and give an algorithm to calculate
the matrix [KC Far ¢ : ] 34,.(n) for the case where

¢ is of the form AY;.\Ys.. ... AY,.,

dom(lC) = {X17X2, e ,Xk},

K(X;) =k, for each 1 <i <k,
ToUn 5 Prop™V2 5 ... 5 Prop™Ut —5 Prop™V and

¢’ contains neither fixpoint operators nor A-abstractions.
We write Y1) for AY;.A\Ya. ... AY,.4.

The calculation proceeds by induction on the structure of the formula . We denote
[[A?.wi]]M . by M; for each ¢ = 1,2 and [[A?.z//]]M . by M’. We also denote the type of

MY .0 as the subformula of ¢ by k.

k = Prop v,

Case ¢ = X;:
We have [¢] ,,; = Mat(n(X;)).
Case ¢ =Y;

Let the (n + 1) x (In + 1) matrix N be such that Ny 1 = 1, Nji1,intj+1 = 1 for each
1 <j<nand Nj; =0 for any other valid (j,7’). Then we have M’ = normalize,(N).

Case ¢’ = ¢1 N ¢a:

Let the (n 4+ 1) x (In + 1) matrix N be such that for each j (1 < j < n + 1), row j
of the matrix N is minjex{(M1); «, (M2),«}, where (M;); . represents the row j of the
matrix M; and minj., denotes the lexicographical minimum operation. Then we have
M’ = normalize, (N).

Case Y' = ¢1 V ¢2

Analogous to the Case ¢1 A ¢2, while the operator minj,, should be replaced by the
maxex operator which takes the lexicographical maximum.

Case ¢ = O¢r:

Let A be the (n+ 1) x (n+ 1) matrix whose entities are given depending on the Markov
chain as follows.

1 (i=j=1)
A 0 i=11<j<n+1)
Y 0 l<i<n+1,j=1)
P(sj-1,8i-1) (1<i,j<n+1)

Then the matrix M’ is given by M’ = AM;.

Case ' = f g1 2 ... da:

Note that the function f is one of the free variables X7, Xs,..., X}, since we assumed
that the formula 1 does not contain any function abstractions. We can also assume that
¢’ has type PropT’U for some T" and U, since we do not allow partial function applications
in the type system.

Let f = X;. Then the matrix M’ is given by

M’ = normalize,, (Ml( 1 Vec(vy) Vec(vs) ... Vec(vy) )T)

where v; = [¢;] for each i.
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The correctness of this algorithm is immediate from the definition of [¢],,,;-

We now consider formulas possibly with fixpoint operators using HES form.

For an HES € = (X1 =, ¢1; X2 =, ¢2;5...; X =, o), we define the fixpoint equation
toFP(&) as follows.

toFP(E) == (M1 = [1] yrar(Mrar); M2 = [2] yrae(Mtar); - - -5 My = [0k] yrae(Msat))

Here, nyq: maps each variable X; to the matrix M; that contains variables that represent
unknown values.

» Theorem 35. Let ¢ be a formula whose HES form is (X1 =, ¢1; Xo =, ¢2;...; Xk = &k).
Suppose O Far ¢ - Prop™Y . Let (M1 = mq; My = ma;...; My = my) be the least solution of
the fixpoint equation toFP(E), and v be the entry of the matrix my which corresponds to the
initial state s, of the Markov chain. Then we have [¢](sim) = v.

Since a fixpoint equation on reals can be solved in PSPACE |[3], we have the following result
as a corollary of this theorem, which subsumes Theorem 28.

» Corollary 36. Let M be a Markov chain. If O bpp 4 Propyg 1y, then whether M = is
decidable in space polynomial in n(d+ s), where n is the number of the states of M, d is the
size of ¥ and s is the sum of the arities of the order-1 variables bound by fizpoint operators.

We prove Theorem 35 in the rest of this section.

Let K be a type environment such that dom(K) = {X1, Xs,..., X} and K(X;) = k;.

We write T and Tqq for the sets [71] x [72] x - - x [7] and [71] 3500 X [72] aga X - X [7%] asas
respectively. We define functions F' : T — T and Far : Tavar — T by:

F(Ulvv% s 7Uk) = ([[d)lﬂ(n)’ [[(b?ﬂ(n)’ SRR [Md](n))
FMat(mla ma,... amk) = (H¢1ﬂMat(nMat)7 [¢2HMat(nMat)7 RS} [[d)kﬂMat(nMat))

where dom(n) = dom(pat) = {X1, X2, ..., Xi}, n(X;) = v; and nae(X;) = m;. We define
the function Matr by Mat((v1,va,...v;)) = (Mat(v1), Mat(va), . .., Mat(vg)).
By the correctness of the algorithm for fixpoint-free formulas, we have Fjzq:(Mat(v)) =

Mat(f(v)) for any v € T. Using these equations and Lemma 33 we get the following lemma.

» Lemma 37. The equation LFEP(F) = Mat™*(LFP(Fya;)) holds.

Theorem 35 follows immediately from Lemma 37.

B.2 Proof of Theorem 29

Recursive Markov chains can be encoded as order-1 probabilistic HORS (PHORS) [10]. Thus,
in this section, we show how the termination problem for PHORS can be encoded into a
PHFL model-checking problem in the restricted class.

We transform an order-1 PHORS G to a pair of a Markov chain M and a PHFL formula
¢ typable in Ty where, for any 0 < r < 1, the value [[¢]>,](sin) over the Markov chain M
equals 1 if and only if the termination probability of G is no less than 7.

In the rest of this section we follow the notational conventions and definitions about
PHORS and higher-order fixpoint equations from [10].

We first fix an order-1 PHORS G = (N, R,S) where dom(N) = {S, F1, Fs, ..., Fn},

N(F;) =0 — 0 — -+ — o — o (which is denoted by 0¥ — o) and R is such that F; X; X5 ...
—_——

ki
ti,r @p, tig for each 1 <7 < m and S = tg ©; . Without loss of generality, we assume
p1 < pg < - < P We write P(G) for the termination probability of the PHORS G.
We define the Markov chain M = (S, P, pap, sin) as follows.

Xy,

i
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S ={50,81, -y Sm+t1}

P satisfies P(sg,s1) = p1, P(s0,8i) = pi — pi—1 for 2 < i < m, P(so,Sm+1) = 1 — P,
P(s;,80) =1for 1 <i<m+1 and P(s;,s;) = 0 otherwise,

pap(P;) ={s;} for each 0 <i<m+1, and

Sin = S0-

Before defining the formula ¢, we define, for each applicative term ¢ of PHORS, the
PHFL formula (t) by induction on the structure of ¢ as follows.

(halt) = {Py} (Q) = {false}
(X)=X (F) = F;
(furug ... um) = (f) (u1) (ua) ... {ug).

We also define the formula br(¢r,, ¢r, i) for formulas ¢, ¢r and an index 1 <7 < m by:

br(or,¢ri) = {P}AO | [ Qo)A |\ AP} ] | v | (Odr) A V(P

1<5<i i+1<j<m+1

Then the desired formula ¢ is given by ¢ = toPHFL(E) where £ = (S =, (ts); F1 =,

)\X1.>\X2. N )\Xkl.br(<t1’L> s <t1,R> s 1); cees Fm =u )\Xl)\XQ e )\ka.b’f‘(<tm’L> s <tm,R> ,m))

We can prove the following lemma by induction on the structure of applicative terms in
rewriting rules.

» Lemma 38. Let o0 = Pmp{sl’527""8"”“}7@. The HES & is well-typed in Ty and can be
typed as S™S and F]* for 1 <i<m, where g =0 and 7; = ok - 0.

The correctness of the transformation is stated in the theorem below.
» Theorem 39. The equation P(G) = [@](sim) holds.

Proof. As stated in [10], the value P(G) is given by pg, (S) where & is a fixpoint equation
defined from G and pg denotes the least solution of the fixpoint equation £. We prove the
value [@](sin) is also the least solution of the same fixpoint equation.

We define the translation (-)# on PHFL formulas as follows.

Pf& =1 false” = 0
X# =X F* = F,

br(or, dr, )" = pid} + (1 —p;)d%
We then define the fixpoint equation &£y by

{8 = (ts)*,
F1 X1 X2 . Xk1 = bT(<t17L> y <t173> s 1)#,

ey

FnX1Xa ... Xy, = br({tm.1), (tm.r) ,m)¥}

Let I' be the type environment such that I' = &y.
By Lemma 37 and the fact that pg, is given by Uiewfé¢(LF)7 we have [¢](sin) = pe, (5).
Moreover, we can prove that the two equations & and &y are (syntactically) same by
induction on the structures of applicative terms in R. Thus the theorem is proved. <
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;
;
;

Figure 5 Recursive Markov Chain A in Example 40.

» Example 40. Consider the PHORS consisting of the following rewriting rules:

S — F halt
Fr— (Gzx)®,x
Gz — F(Fz)®,z

The corresponding Recursive Markov chain is shown in Figure 5.
Let ¢ be the formula corresponding to the HES £ = (S =, F {false}; F X =, br(GX, X);GX =,
br(F(F X), X)) where

br(¢1, ¢2) = {Po} AO ({1} A O¢1) V ({ P2} A Od))

Also, let M be the Markov chain (S, P, pap, Sin) Where
S = {s0, $1, 82},
P(sg,81) = p, P(s0,52) =1 —p, P(s1,80) = P(s2,50) =1 and P(s;,s;) = 0 otherwise,
pap(P;) ={s;} for i =0,1,2, and
Sin = 50,
over which the formula ¢ is interpreted. Then the formula ¢ is well-typed in T;. The value
[¢](sin) is the value of s in the least solution of the equations:

(s=f0;fx=pgx+(1—-pla;gz=pf(fx)+(1-pr),

which coincides with the termination probability of the PHORS above.



