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Abstract. This paper presents a novel program verification method
based on Mu-Arithmetic, a first-order logic with integer arithmetic and
predicate-level least/greatest fixpoints. We first show that linear-time
temporal property verification of first-order recursive programs can be
reduced to the validity checking of a Mu-Arithmetic formula. We also
propose a method for checking the validity of Mu-Arithmetic formu-
las. The method generalizes a reduction from termination verification
to safety property verification and reduces validity of a Mu-Arithmetic
formula to satisfiability of CHC, which can then be solved by using off-
the-shelf CHC solvers. We have implemented an automated prover for
Mu-Arithmetic based on the proposed method. By combining the auto-
mated prover with a known reduction and the reduction from first-order
recursive programs above, we obtain: (i) for while-programs, an auto-
mated verification method for arbitrary properties expressible in the
modal p-calculus, and (ii) for first-order recursive programs, an auto-
mated verification method for arbitrary linear-time properties express-
ible using Biichi automata. We have applied our Mu-Arithmetic prover
to formulas obtained from various verification problems and obtained
promising experimental results.

1 Introduction

Several researchers have recently advocated the use of fixpoint logics in program
verification. The idea at least goes back to the early work of Blass [10], who
showed that the weakest preconditions of while-loops can be expressed by using
a fixpoint logic. Bjorner et al. [5,8,9,22] advocated a reduction from program
verification problems to the satisfiability of Constrained Horn Clauses (CHC),
which is essentially the validity checking for a restricted fragment of first-order
fixpoint logic. Burn et al. [12] have recently extended the approach to a higher-
order extension of Constrained Horn Clauses. Kobayashi et al. [26,40] have shown
that temporal verification problems for higher-order functional programs can be
reduced to validity checking problems in a higher-order fixpoint logic. Nanjo et
al. [32] also proposed an approach to temporal verification based on a fixpoint
logic. One of the main advantages common to those approaches is that a fixpoint
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logic prover can be used as a common, language-independent backend tool for
a variety of verification problems (not only safety properties but also arbitrary
regular temporal properties, including liveness). Fixpoint logic provers have not,
however, been available yet with the full generality.

Based on the observation above, in the present paper, we propose a method
for automatically checking the validity of first-order fixpoint logic formulas. The
first-order fixpoint logic (with integer arithmetic) we consider has been studied
before albeit in different contexts and with different syntax [11, 30]. Following
Bradfield [11], we call the logic Mu-Arithmetic. For while-programs (with un-
bounded integers), the formulas generated by the aforementioned translations
of Kobayashi et al. [26,40] are actually Mu-Arithmetic formulas. The core logic
used by Nanjo et al. [32] is also Mu-Arithmetic. Thus, by combining those pre-
vious studies with our procedures for proving Mu-Arithmetic formulas, we can
obtain an automated tool for temporal program verification.

Our method, called Mu2CHC, reduces the validity of a Mu-Arithmetic for-
mula to the satisfiability of CHC (in a sound but incomplete manner). The re-
duction has been inspired by reductions from termination verification to safety
property verification [21,34]. More precisely, we generalize the termination ver-
ification method of Fedyukovich et al. [21] to underapproximate a least fixpoint
formula by a greatest fixpoint formula. Given a formula ¢ consisting of both
least and greatest fixpoints, we convert it to a stronger formula ¢’ (in the sense
¢ = ) that consists of only greatest fixpoint formulas. We then transform it
to a set C of CHCs, so that C is satisfiable if and only if ¢’ is valid. This provides
a sound method for proving the validity of the original Mu-Arithmetic formula.
The main advantages of this approach are: (i) the reduction is fairly simple and
easy to implement, and (ii) we can use off-the-shelf CHC solvers [13, 27, 37],
avoiding replicated work for, e.g., invariant inference.

We have implemented the proposed approach, and confirmed its effective-
ness. The benchmark problems used for experiments contain those beyond the
capabilities of the existing related tools (such as CHC solvers and program ver-
ification tools).

Another main contribution of the present paper is a sound and complete re-
duction from linear-time properties (expressible using Biichi automata) of first-
order recursive programs to the validity of Mu-Arithmetic formulas. This can be
considered a generalization of reductions from safety properties of first-order re-
cursive programs to CHC satisfiability (see [6], Section 3.2). Kobayashi et al. [26]
have shown a reduction from linear-time properties of higher-order programs to
the validity of higher-order fixpoint logic formulas, but for first-order recursive
programs, their translation yields a formula of a second-order fixpoint logic, not
a first-order one. We also show a reduction from the modal p-calculus model
checking of while-programs to the validity of Mu-Arithmetic formulas. Such a
reduction can in principle be obtained from the general reduction of Watanabe
et al. [40], but our reduction is more direct.

The rest of the paper is organized as follows. Section 2 defines Mu-Arithmetic,
the first-order fixpoint logic with integer arithmetic. Section 3 discusses appli-
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cations of the fixpoint logic to program verification; in particular, we show that
linear-time properties of first-order recursive programs can be reduced to the
validity of Mu-Arithmetic formulas. We propose our method Mu2CHC in Sec-
tion 4. Section 5 reports on the implementation and experimental evaluation of
our methods. We discuss related work in Section 6 and conclude the paper in
Section 7.

2 First-Order Fixpoint Logic with Integer Arithmetic

This section introduces the first-order fixpoint logic with integer arithmetic.
Following Bradfield [11], we call the logic Mu-Arithmetic (though the syntax is
different). We define the syntax and semantics of fixpoint logic in the form of
hierarchical equation systems, following [36].

2.1 Syntax
The set of formulas, ranged over by ¢ is given by:

pu=ay >as | Plar,...,ar) | p1 Voo | o1 Aws | .o | Va.p
az=x|n|aopas

Here, P ranges over a set of predicate names. We have only > as a primitive
predicate; in examples, we shall use other integer predicates like = (which can
be expressed in terms of > and other logical operators).

A hierarchical equation system (HES) @ is a pair (£,H). Here, £ is a set
of equations of the form {P;(Z1) = @1, , Pn(Tm) = ¢n}, where T stands
for a sequence of variables, and H is a sequence (Pg,ay);- - ; (P1, 1), where
Pk, ..., P1 are mutually disjoint sets of predicate names such that P U--- U
P1 = {P1,..., Py}, and o; € {p,v}. We write Pg, P<;, and Px; for |J; Py,
UjSin’ and szi P;, respectively. We often write P for Pg if @ is clear from
the context. We also write Ep,, or just & to denote the subset of equations
{P(Z) =¢ €& | P e P;}. We sometimes write

{Pea(Tr1) =ay, P Proy, (Ty) =ap Pret s
{P11(@11) =ar P15, Pre (T1,0) =a; 01,00}

for (£,H) where & = {P; ;(Z;;) =a, @i |+ € {1,...,k},j € {1,...,4;}} and
H = ({Pk71, ey Phgk}, ak); cee ({Pl,h ey Pl,gl},oq). When P(f) =pef, we
write arg(P) for the length |Z| of the sequence Z; we often omit the subscript
when £ is clear from context.

Bound (integer) variables in a formula are defined as usual. Integer variables
{Z} are bound in an equation P(Z) = . We assume that a given HES is closed:
free predicate variables in each formula are defined in the HES.

Intuitively, ({P;1,..., P}, ;) where a; = p (o = v, resp.) means that
Pi1,..., P4 are the least (greatest, resp.) predicates that satisfy the corre-
sponding equations. In H = ({Pi1,..., Prebron); - s {Pra,-- s Pre bra1),
the predicates in {Px 1,...,Pse. } {P11,---, P14}, resp.) are bound in the out-
ermost (innermost, resp.) position.
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Example 1. Consider the HES® @ = (£, H) with H = ({P},v); ({P1}, 1) and
E={Py(z) = P(x+ 1) A Pi(2,0), Pi(z,y) = (y =2V Pi(z,y+ 1))}
Since P;(z,y) can be expanded to:
Pi(z,y)=y=aVP(zx,y+1)=y=azVy+1l=aVP(z,y+2)=---,
Py (z,y) is equivalent to & > y. Thus, Py(x) is equivalent to:
Pxa4+1)Az>0=Py(z+2)Ax+1>0ANz>0="--.
Therefore, Py(z) is equivalent to x > 0. O

Remark 1. We do not have the negation operator as a primitive, but it can be
expressed by using de Morgan duality [29]. The quantifiers V,3 could also be
removed: A formula Jx.¢ with the free variables y can be expressed by P(0,7%)
where P is defined by P(z,y) =, ¢V P(x+1,y)V P(x—1,y); similarly for Vz.¢.

2.2 Semantics

We now define the formal semantics of HES. Let Z and B = {tt, £} be the sets
of integers and Booleans, respectively. We consider the partial order ff C tt
on B, and write U (M, resp.) for the least upper (greatest lower, resp.) bound
with respect to C. Given @ and P C Pg, we write I'p for the set of maps p such
that dom(p) = P and p(P) € Z=F) — B for P € dom(p). (I'p,Cr,) forms a
complete lattice, where I'p is the pointwise ordering on the elements of I'p.

Given a map p such that dom(p) = P U X, where X is a finite subset of
integer variables, and p(P) € Z*(") — B for P € P and p(x) € Z for x € X,
the semantics [¢], € B of a formula ¢ is defined by:

[ax > as], = {;; oy = oolo oy, an)l, = p(P) ([l [an],)

lo1 Vv ‘PQHp = H@lﬂp U [[‘Pl]]p [ A 902]]p = [[901]],; M [[<P1]]p
[Bz.¢], = Uzez[[‘P]]p{mHz} [Vz.¢], = Hzez[[‘Pﬂp{sz}
[2], = p(z)  [nl,=n [a10p az], = [a1],[op][az],.

Here, [op] denotes the binary function on integers represented by op.
Given an HES &, P; and p € I'p,, the semantics [&;], € I'p, is defined by:

[€], = {P — Az € 2D [op] 5z | P(@) = @p € &}

We are now ready to define the semantics of HES. By abuse of notation,
we write I, I'>;, and I'c; for I'p,, I'p.,, and I'p_, respectively. The semantics

® We remark that, for those who are familiar with fixpoint logics, Ps(x) can be written
as vPy. Ax.Pa(z + 1) A (uPr.Ay.y = 2V Pi(y + 1)) 0 in the ordinary syntax of Mu-
Arithmetic [11] or HFL [39)].
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[9]; € I'six1 — I and [P]<; € I'>i41 — I'<; are defined by induction on i, as
follows.

[[@]]0 = [[¢H§0 =\p € FZI'(Z)

[[@]]i = )\p € F2i+1~FP§i- ()\pl S Fi-[[gi]]pUp’U[[é]]gi,l(pUp’)) (fOI‘ 7> 0)

[9]<i = Ap € I>it1-[P]i(p) U [Pl <i-1(p U [@]i(p)) (for i > 0)
Here, FPf;FPf € (I' - I') — I (the superscript I" is often omitted) are the
least and greatest fixpoint operators defined by:

FP,(F)=[1{f €| f2rF(/)} FP(F)={fel|fCrF(f)}

Note that the semantics [®]; of the predicates in P; is parameterized by the
semantics of predicates of higher levels (as indicated by Ap € I's;1q1.---). To
evaluate [&;] in the definition of [®];, we need an environment on all the pred-
icate variables; p, p/, and [P]<,—1(p U p') respectively provide the environment
on the predicates of higher levels, the current level i, and lower levels. We write
[2] for [@]<k(D) (where k is the highest level) and write @ = ¢ if [][e) = tt.

Ezample 2. Recall Example 1, with P; = {P;} and Py = {P»}.
[@]1 = A\p € I's2. FP,(\p € [N APy = Nz, y).y =z Vo' (P)(z,y +1)})
=Ap € Iso{P1 = Mz,y).x > y}.
[2]<1 = Ap € 2. [@]1(p) U [P]<o(p U [2]1(p) = [@]1-
[P]2 = Ap € I>s.
FP, (A € IAPs = A.p! (Ba)( + 1) A [@<1 (0 U p)(P) (2,0)})
=Ap € {0} FP,(\p € In.{Py — Mz.p/(P)(x + 1) Az > 0})
=Xxp € {0} APy — dz.x > 0}.
[@2]<2 =Xp € {0} AP = Az > 0, P — Az, y).z > y}.
Thus, we have [@] = {P, — Az.x > 0, P, — A(x,y).x > y}, hence & = P5(0).
O
Ezample 3. To understand the importance of the order of equations, let us con-
sider @1 = (€, H;) and P2 = (€, Ho), where:
E={X=XAY,Y =XVY}
Hi=({X}Lhv)i({Yhp)  Ho=({Y}u):({X} ).
Note that @, is obtained from @; by just swapping the order of X and Y.
Yet, their semantics are completely different: [@1] = {X — tt,Y — tt} but
[®2] = {X — ££,Y — ££}. To see this, for $;, we have:
[@1]]1 = )\p S FZQ.FPH(A[}/ S Fl[[Y =XV Y]]pUp’) = Ap S FZQ{Y — p(X)}
[@1]]2 = )\p S {@}FPV()\pl € FQ[[X =XA Y]]p/U{Yb—}p(X)})
=Ap € {0} {X — tt}.
In contrast, for @5, we have:
[[@2]}1 = )\p S FZQ.FP,j()\pI c Fl[[X =XA Y]]pUp’) = )\p S FZQ.{X — p(Y)}
[[@2]}2 =\p € {@}.FPM(/\pI S FQ.[[Y =XV Y]]p’U{X»—m(Y)})
=Xp € {0}{Y — ££}. 0
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2.3 Relationship with Other Logics

We comment on the relationship between our logic and other logics used in
the context of program verification. As indicated already, our fixpoint logic
in the form of HES is essentially equi-expressive as Bradfield’s original Mu-
Arithmetic [11]. Any formula of HES can be translated to a formula of the origi-
nal Mu-Arithmetic in the same way as the translation from HES for higher-order
fixpoint logic to HFL formulas [25].

Our Mu-Arithmetic can be considered a restriction of HFLz [26] (which is
an extension of HFL [39] with integers), obtained by (i) restricting predicates to
those on integers, and (ii) removing modal operators.

HES can also be considered an extension of Constrained Horn Clauses
(CHC) [6], obtained by allowing fixpoint alternations. In fact, the satisfiability
problem of CHC (i.e., whether there is a substitution for the predicate variables
Py, ..., P, that makes all the clauses valid):

Pl(fl) <~ P1 Pn(fn) << Pn ff < Pl(fl)

(where we allow disjunctions in @1, ..., ¢,, and assume that Py, ..., P, are mu-
tually distinct) is equivalent to the validity of V#;.P1(Z1), where P; is defined
by HES: ({P1(Z1) = @4,..., Pu(@n) =3, }, ({P1,...,Pn},v)). Here, g, is the
de Morgan dual of ¢;, and P; intuitively represents the negation of P;.

Conversely, the validity checking problem for any HES without p or 3 can be
transformed to the satisfiability problem for CHC, by just reversing the above
transformation. In fact, let @ be an HES of the form

{P(Z1) =VY91.01, - -, Pu(@n) =Vn.0n}t, {Pr,..., Pu},v)),

where ¢4, ..., @, are quantifier-free formulas. Then, ¢ = Vz.P;(Z) if and only if
the followings are satisfiable:

Since P;(%;) < 3y;.p; is equivalent to Vy,.(P;(Z;) < ©;) (assuming that Z;Ny; =
(), one can transform the conditions above to CHC.

3 From Temporal Property Verification to First-Order
Fixpoint Logic

This section discusses applications of the fixpoint logic to temporal verification
of programs. As we mentioned in Section 1, Watanabe et al. [40] have shown
that temporal verification of higher-order recursive programs can be reduced in
a sound and complete manner to validity checking of higher-order fixpoint logic
formulas. For while-programs (i.e., imperative programs without recursion), their
translations actually produce formulas within our fixpoint logic. Thus, by com-
bining their translations with the procedures for our fixpoint logic given in Sec-
tion 4, we obtain an automated temporal verification method for while-programs,
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which can deal with arbitrary temporal properties that can be expressed in modal
p~calculus. The reduction of Watanabe et al. [40] is, however, indirect: one has
to first transform a while-program to a tree-generating grammar HORSgz that
generates a computation tree of the program, and a temporal property to a tree
automaton. We thus present a direct reduction from modal p-calculus model
checking of imperative programs to validity checking of Mu-Arithmetic formulas
in Section 3.1 below.

For linear-time temporal properties, we can also deal with first-order pro-
grams with arbitrary recursion (not just while-loops). More precisely, given a
first-order (possibly non-deterministic) recursive program D (that contains spe-
cial primitives called events) and a Biichi automaton A, one can construct an
HES &p 4, such that &p 4 = maing, () (where g; is the initial state of A)
holds, if and only if some (infinite) event sequence generated by D is accepted
by A. We formalize the reduction in Section 3.2, which is one of the main con-
tributions of the present paper.

3.1 Modal pu-Calculus Model Checking of Imperative Programs

We model an imperative program (without recursion) as a tuple P =
(PC, Vars, Code), where PC is a finite set consisting of non-negative integers
(which intuitively represent program counters), Vars is a finite set of variables,
and Code is a map from PC to the set Zyars of instructions, consisting of:

— x:= a;goto i: update the value of x € Vars to that of a, and then go to
1€ PC.

— x:= %;goto i: update the value of x € Vars to an arbitrary integer in a
non-deterministic manner, and then go to ¢ € PC.

— if a; > a, then goto i else goto j: go to i € PC if a1 > a2 and j € PC
otherwise.

— if x then goto i else goto j: non-deterministically go to ¢ or j.

Here, a ranges over the set of arithmetic expressions, like the meta-variable a in
Section 2.

A program P = (PC, Vars, Code), with Vars = {z1,...,z,} can be viewed
as a Kripke structure Kp = (AP, S, so, —, L), where:

— AP is a set of constraints on Vars (such as z; > 0),

— the set S of states is PC x (Vars — Z),

— the initial state so € S is (0,{z1 — 0,...,2, — 0}),

— the labeling function L € S — AP is given by: L(i,0) = {p € AP | o(p)}.
Here, o(p) is the closed formula obtained by replacing each variable z; in p
with o(z;), and = o(p) means that the resulting formula evaluates to true,
and

— the transition relation — is defined by the following rules.

Code(i) = (z; := a; goto k)
(1,0) — (k,o{x; — val(c(a))})
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Code(i) = (z; := *; goto k)
(i,0) — (k,o{x; — m})

Code(i) = if a1 > as then goto j else goto k val(o(a1)) > val(o(az))
(i7 U) — (.]7 U)

Code(i) = if a; > as then goto j else goto k val(o(ay)) < val(o(az))
(i,0) — (k,0)

Code(i) = if * then goto j; else goto js ke {1,2}
(t,0) — (jk,0)

We represent modal p-calculus formulas in the form of hierarchical equation sys-

tems, following [36]. We call them hierarchical modal equation systems (HMES),

to distinguish them from the HES for Mu-Arithmetic introduced in Section 2.
The set of (fixpoint-free) modal formulas, ranged over by 1, is defined by:

Yu=p | X |1 Vg [P Aaha | oy | Oy

az=nl|z|a opas.

A hierarchical modal equation system (HMES) = is a pair (E, H), where E
is a set of equations for the form:

{Xl :1/]17"' aXm:’(/}n}v

where H is a sequence (P, ai); - ;(P1,a1), where Py, ..., Py are mutually
disjoint sets of variables such that P,U---UP; = {X1,..., X;n}, and o; € {u, v}
We write P>; and P<; for {J;-; P; and |J,;-; P; respectively.

The semantics of HMES is defined in a way analogous to that of HES in
Section 2. First, given a function p which maps each fixpoint variable to a set of
states, we define [¢], by

[a1 > a2], = {(i,0) | val(c(a1)) = val(o(az))}

[X], =p(X)  [r V], =[vn], U],  [1 Adl, =[], N [¢2],
[ov], = {(i,0) | (i,0) — (j,0") for some (j,0") € [¢],}

O9], ={@,0) | (j,0') € [¥], for every (j,0") such that (i,0) — (j, o)}

We write E; for the subset of equations: {X; = ¢; | X; € P;}. The semantics
[E:], is defined by:

[[Ei]]p = {X — [[wﬂp | X=9e¢€ Ez}

The semantics [Z] of HMES = is [£] <k, where
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PCx (Vars—Z) PCx (Vars—Z)
— 22 — 22

Here, ©;, = P; and O>; = P>; .

Given a program P with variables {z1,...,2,} and an HMES = with X €
P=, we say that a program P satisfies (£, X), written P | (£, X), if the initial
state (0, {z1 — 0,...,x, — 0}) belongs to [Z](X). The goal of verification is to
check whether P = (=, X)) holds.

We now reduce the problem of checking whether P = (£, X) to the valid-
ity checking problem for Mu-Arithmetic. For the convenience of presenting the
reduction, we assume without loss of generality that the righthand side of each

equation in HMES is restricted to the following syntax.
w:::alZa2|X|X1\/X2|X1/\X2\<>X\DX.

Let Vars = {z1,...,2,} and Z be the sequence z1,...,z,. For each equation
X =1 and i € PC, we define the equation [X = v]; of Mu-Arithmetic by:

[X=(@2a)li=X0@) =a >a) [X=X]=(XO@ =x7")
[X = X1 Vv X, = (XO(F) = X{ (@) v X3 (7))
[X = X1 A Xo]i = (XO(@) = X{7 (@) A XY (7))

X(’L)(E) = X{k)(l'h e ,xjfl,av.rj+17 e ,Z'n)
if Code(i) = z; :=a;goto k
X0 (7) = EIm.ka)(xl, ey L1y T T e D)

if Code(i) = z; := *;goto k

X=eXili=1 o @) = (a1 > as AXD @)V (a2 > a1 + 1A XP (@)
if Code(i) = if a1 > as then goto j else goto k
X0@) = x7 @ v X" @)
if Code(i) = if * then goto j else goto k
X(z)(f) = Xl(k)(l‘l, . ,ij_l, a,xj+1, . ,an)
if Code(i) = z; := a;goto k
X0 (7) = Vm.Xl(k)(ml, ey BT, My Tty e, Ty)
[X = 0X1]; = if Code(i) = z; :=*;goto k

XO(F) = (a1 > aa A XD @) V (a2 > a1 + 1A X P (F))
if Code(i) = if a; > as then goto j else goto k
X0@) = X1 @ A XV (@)
if Code(i) = if * then goto j else goto k.
Given =& = (E,H) with H = (P1,a1);---;(Pp,ay), and P =
(PC, Vars, Code), we define HES &z p as (£z,p, Hz p), where:

Ezp ={[X =4[ | (X =v¢) € E,i e PC},

and
Hep = ({XD| X €Pi,i e PC}a1);--- ; ({XD | X € Pp,i € PC}, ).

By the translation, it is not difficult to observe that (j, {z1 — mq,...,z, —
mp}) € [E](X;) if and only if [¢=p](XY))(m1,...,my) = tt. Thus, P |=
(Z,X,) if and only if H=p = X\”(0,...,0).
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Ezample 4. Consider the program Py = ({0, 1}, {z, y}, Codey), where:
Codey = {0 — (z:=2 —1;goto 1), 1 — (y:=y+ 1;goto 0)}.

The modal p-calculus formula vX.(x +y > 0 A oo X) expresses the property
“there exists an execution sequence in which = + y > 0 holds after any even
number of steps.” This is a property that cannot be expressed in CTL*. The
corresponding HMES =) is (Eo, Hy) where

Eo={X=2+y>0A0Y,Y =0X} Hy=({X,Y}v).

By the translation above, we obtain @z, p, = (&,Ho) where Hyo =
{X© XO yO vy ) and & consists of:

XOa,y)=o+y>0AYD(z-1y) XD(zy)=2z+y>0AYO(z,y+1)
YO (z,g) =XO(@-1y)  YO(z,y) = XO(z,y+1)

Ezample 5. Consider the program P; = ({0,1,2},{z}, Code;), where Code;
consists of:

0 — (z:=x;goto 1),
1+ (if 0 > z then goto 0 else goto 2),
2+ (x:=xz —1;goto 1).

Let us consider the p-calculus formula
vXpYOY V(0 >z A(pZ.oZV(x>1AX))),
which corresponds to the following infinite CTL formula:
AF(0 > z AEF(z > 1AAF(0 > 2 AEF(z > 1A---)))).
It is expressed as =1 = (E1, Hy) where:

E={X=Y,Y=Y1VYo,V1 =0Y, Yo =Y5, VZ, Y5 =0 >,
Z=Z1\/Z2,Z1 =<>Z7ZQZZgl/\X,221:QjZl}
Hl = ({X}7V);({}/,}/1,}/2,)/21,Z7Z1’ZQ,Z21}“U,).
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Our translation yields &=, p, = (£1, H1) where

& = {X(“(x) Y®(x) | i€ {0,1,2}}
U{Y D (z) = v{(2) VY, (2) | i € {0,1,2}}
u{Y“”(z) =2 YV (2), Y (2) = YO (2 - 1),

(a:) (O>x/\Y(0)( NV (z>1AYP(2))}

um (@) = Y3 (@) v 20 (x) | i € {0,1,2}}
U{Yyy (z) =0 >x|ze{012}}
{29 (z) = 2{(a) v Z§ <>|ze{o ,2}}
u{z{" (z) = N Z0(z), 2P (x) = 2 (z - 1),
7 (z) = (o>mz<0()) (x> 1A ZP(z))}
u{z<><x> Z8) (@) A XD () i € {0,1,2}}
U{Z§)(x) =2 > 1]i € {0,1,2}}
= ({XO |ie{0,1,2}},0);
(Y@, “Y“Y“ZUZ@, O 701 e{0,1,2}}, 1)

O

The following example has been taken from [15] (Figure 6, Bench 8), and

modified to adjust the program syntax.

Ezample 6. Consider the program Py = (PCa, {z}, Codes), where PCy

{0,1,2,3,4,5,6} and Code; counsists of:

0— z:=1;goto 1,

1+—if * then goto 1 else goto 4,
2+ if * then goto 5 else goto 6,

3= x:=uxz;goto 3,
4 +— x:=0;goto 2,
5— z:=1;goto 3,
6 — z:=0;goto 3.

Consider the CTL* property AG(AFG(z =
the modal p-calculus as:

vX.(OXA((pYrZOY V(e=0A02))V

The corresponding HMES is =5 =

EQZ{X:Xl/\XQ,Xlsz,XQ:Y
Y=Z7=71Vv 72,721 =0Y,7Zy =
U=V,V=ViVvV,V=0UV,=

H2 = ({X7 XlaXQ}a V); ({K U}vﬂ)a ({Zv

Our translation yields @z, p, shown in F

0) V AFG(x = 1)), which is expressed in

(UvvV.OU Vv (x =1 A0V))).

(E2, Hy) where:

v,
Zo1 N Zga, Zoy = (v =0), Zoy =07,
Vo1 A Vag, Vo1 = (. =1), Voo =0V}
ZlaZ272217Z227V7 Vlv‘/Qa‘/le‘/QQ}7V)'
igure 1. a
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Dz=,,p, = (€2, Ha)

Ho =

AX{P(z) | i€ PCy}

() = X0(@) A XD (), X () = X () A XO(a)
%) X0() = X@(0), XP () = XO 1), X1(2) = XO(0)}
<Z>(1:) v U9 (z) | i € PCa}

et

5

Il
~<><

(z) )
U{ZD(z) = 2\ (z) v 28 (2) | i € PCy}
U{Z{" (z) =Y (1), Z“>( ) =YD (@) A YD (), 21V () = YO (2) A YO (2),

2{(2) = YD (2), 21" () = Y®(0), 21" (2) = YO (1), 2" (2) = YO (0)}
W25 () = 25 (2) A 257 (2) | i € PCa}
Uz (@) =2=0]i€cPCy}
U{Z5) (z) = 29(1), 28 (2) = 2D (2) A 2D (), 283 (2) = 2P (2) A 29 (a0),
),

75 (x) = 2(0), 25 (x) = 29 (1), 23 (x) = 29 (0)}
) =V(z) |i € PCy}

U{V(“(x) Vi (z) vV (z) | i € PCy}

UV (@) = UV (1), V(@) = UD (2) AUD (2), Vi () =
) (), V! () = U (0), vV (x) = UD (1),

UV (2) = V3 (2) AVig) (x) | i € PCa}

Na)=2z=1|iecPCs}
UV (z) = VO (1), Vi () = V(@) AV (@), Vi3 (z) = VO () A VO (2),
Vo () = VO (), Vi (2) = V@(0), V)5 () = VI (1), Vi) (2) = VP (0)}

U () A\UO (),
@ (x) = UP(0)}

(X, X0, X 5 POy
({Z(1)721’ 2 74 722227‘/(1)’\/11 Vo Vor', Vo' | i € PCatv).

Fig. 1. &=, p, in Example 6
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nez (f(z1,...,z1) =€) €D
E[%] —5b E[n] E[f(ni,...,ng)] b E[[ni/z1,...,ne/xK]e]
agZ val(a) =n
Ela] ~=p E[n]

Ellet x = n in ¢] ——p E[[n/z]e]
n>0

E[A; €] A0 Ele] E[if n > 0 then e; else e2] ——p Ele1]

n<o0

E[if n > 0 then e; else es] SN Eles)

Fig. 2. Operational Semantics. E ranges over the set of evaluation contexts, defined
by E:=[]|let z = E ine.

3.2 Linear-Time Property Verification of Recursive Programs

Target Language and Verification Problem We first define a language of
first-order recursive programs with non-determinism. The syntax of programs
is given by:

D(programs) ::= {f1(z1,...,2%,) = €1,..., fe(x1,...,2K,) = €¢}

e(expressions) :=a | * | A;e | f(v1,...,v;) | let z =e; in ey
| if v > 0 then e; else ey
a:=v|a;opag vi=nlx

The expression * evaluates to an integer in a non-deterministic manner. The
expression A;e raises an event A and evaluates e. Here, we assume a finite set
of events; they are referred to by temporal property specifications (expressed by
Biichi automata below). The other expressions are standard and should be self-
explanatory. In a function definition f;(x1,...,2,) = €;, variables x, ...z, and
functions fi, ..., fr are bound in e; and we assume a given program is closed.

In a program D = {fi(21,...,2k,) = €1,..., fe(z1,...,2k,) = €¢}, we as-
sume that {f1,..., f¢} contains the special function name main of the “main”
function with arity 0, that main() never terminates, and every infinite reduction
sequence generates an infinite sequence of events.®

Operational Semantics. The transition relation e LN p € (where & is either A or
€) is defined in Figure 2. Here, val(a) denotes the value of an integer arithmetic

expression a. We write e ==, e ifw = & - & and e;_4 im e; for each
ie{l,...,0}, with e = ¢y and ¢’ = ¢;. Here, we treat € as the empty word.
We write £(D) for the set of infinite sequences Aj As A3 - - - such that

. A A A;
main() =%p e; =>p €3 =>p -+ .

5 The assumption on non-termination is guaranteed by renaming main to main’, and
adding the function definitions main() = let * = main’() in loop() and loop() =
Acair; loop; the last assumption is guaranteed by restricting the righthand side of
each function definition to an expression of the form A.y;e.
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Ezxample 7. Consider the program Dy consisting of the following function defi-
nitions.

main() =let = x in £(x)
f(z)=let r =gz in (4;£(r)) g(x) =B;if z > 0 then g (xr — 1) else 5

It has, for example, the following reduction sequence:

main() = £(0) - let r = g(0) in (A; £(r)) — let r = g(—1) in (4;£(r))

== B £(5) o £(5) — -

The set £(Dy) of infinite event sequences generated by Dy is {B"(AB®)* | n > 1}.

Verification Problem We are interested in the verification of linear-time prop-
erties, expressible by using Biichi automata. Let us recall the definition of Biichi
automata.

Definition 1 (Biichi automata). A (non-deterministic) Blichi automaton A
is a quintuple (X,Q, A, qo, F'), where (i) X is a set of input symbols, (ii) Q is
a set of states, (iii) A € Q x X — 29 is the transition function, (iv) qo € Q
is the initial state, and (v) F C @Q is the set of final states. An w-word w =
AjAy--- € X% 4s accepted by A if there exists an infinite sequence of states
aW0q1d5 - € Q¥ such that (i) ¢y = qo, (i) ¢f € A(qj_y, Aj) for each j > 1,
and (iii) Vj € J.q; € F holds for an infinite subset J of natural numbers (in
other words, final states are visited infinitely often). We write L(A) for the set
of w-words accepted by A.

Ezample 8. Let Ay = ({A,B},{qa,98}, A,q4,{qa}) where A(ga,A) =
A(gp,A) = {qa} and A(ga,B) = A(¢p,B) = {gp}. The automaton is depicted
as follows.

A

e )
Ap accepts an infinite word w € {A,B}* just if w contains infinitely many A’s.

We are interested in the following verification problem: Given a program D
and a Biichi automaton A, does L(D) N L(A) # 0 hold? In a typical verification
context, L£(A) denotes the set of invalid infinite sequences of events, and the

?
question £(D) N L(A) # () asks whether D may generate an invalid infinite
sequence. The goal of the rest of this section is to characterize the condition
L(D) N L(A) # 0 by a fixpoint formula pp 4.
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Overview of the Reduction Through an Example Consider the program
Dy and automaton Ay in Examples 7 and 8. Suppose we wish to verify that
L(Do) N L(Ao) # 0.

For each function f € {main, f, g}, we construct the following predicates:

— fabq(x,7) for each q,¢" € {qa,qB},b € B. Intuitively, f,p,4 (x,r) means
that f(x) may generate an event sequence that changes the state of the automa-
ton from ¢ to ¢, and returns r. The Boolean value b represents whether a final
state is visited by the automaton during the state changes from ¢ to ¢’ (exclud-
ing the state ¢). For example, since g(—1) in)o 5, 8q,¢£,q5 (—1,5) should hold
for ¢ € {qa,qB}.

— fq(z) for each ¢ € {qa,qr},b € B. Intuitively, f;(z) means that f(z)

may generate an event sequence that can be accepted by the automaton from
the state q. The Boolean value b is determined by the calling context of f; it
represents whether a final state has been visited since the parent recursive call of
f. For example, f,(n) should hold for any integer n, ¢ € {ga,¢p}, and b € B,
as f(n) generates an event sequence that contains infinitely many A’s, which
is accepted by Ag. On the other hand, g, s(n) does not hold, as g(n) cannot
generate an infinite sequence.
The predicates above can be systematically constructed from function defini-
tions. For our running example, let us first construct g 4/. Since g(x) generates
only events B and returns r if either (i) z > 0 and g(z — 1) returns r, or (ii)
z < 0 and r = 5. Thus, g, 4 should satisfy:

8 tt.q5 (@, 7) = (> 0N geper.qs(c—1,7)) V(z <OAT =5)
845,55 (x’r) - ($ > 0A &qp,t1,95 (x - 17”) v (l’ <O0OAr= 5)
gab,q (x,7) =ff (if ¢ = qa or b=tt).

Notice that the above equations are recursive. Since we are concerned about
termination, gq 4,4 is defined as the least solution of the equations above.
Using gq,5,4 above, the equation for f,, ¢+ is given as follows.

fQA,tt(m) = E|7"-(gq,4,ff4115 (w,7) A qu,tt(T))~

This is because £(x) generates an infinite event sequence accepted from g4 by Ag

if g(x) terminates and returns some r, and then £(r) generates an event sequence

accepted from g4. This time, f,, ¢+ should be defined as the greatest solution

for the above equation, since the automaton visits a final state (as indicated by

the subscript tt for the predicate £,,, ) each time f is expanded. In general, f,;

is defined as the greatest solution if b = tt, and as the least solution if b = ££.
Based on the discussion above, $p, 4, is given as:

{mainqA,tt() ~v Elx'qu,ff (:E),
foaet (CL‘) =, Jr. (gQA,ff,lIB (ma 7‘) NEgaee (T))},

{fQA;ff (x) —n Er'(gQAyff;QB (.T, T) NEgaee (T)),
8qa.tf,qn (a:,r) —u (x > 0A 8q5.tf,q8 (J} -1, T)) \% ($ <OATr= 5)a
8apt£,q5 (T,7) = (T =2 0N ggpte,p(z —1,7)) V (x <OAr=5)}
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General Construction of #p 4 We now formalize the general construction
of the HES &p 4. Below we fix a Biichi automaton A = (X, Q, A, qo, F).

As explained in the overview, for each function definition f(z) = ey, we
construct predicates fy 5 o (Z,7) and fy5(2). To obtain equations for those pred-
icates, we convert each subexpression e of ey to formulas [e]qp,q » and [€]qs,
where ¢,¢' € Q, b € B and r is an integer variable. Intuitively, the formula
[€]q.b,q’,» means that there is a terminating execution sequence of e which gen-
erates a finite sequence of events that changes the state of A from ¢ to ¢/, and
returns the integer r. The Boolean parameter b expresses whether an accepting
state is visited during the automaton’s transitions from ¢ to ¢’ (excluding the
start state g). [e],,» means that there is an infinite execution sequence of e that
generates an infinite sequence of events accepted from q. The Boolean parame-
ter b records information on whether an accepting state has been visited since
the parent recursive call; the Boolean parameter is used to choose the Boolean
parameter b of f, .

The formula [e]4 4 4. is defined by induction on the structure of e, as follows.

la] a=rif ¢g=¢ and b= ff o ttif g=¢ and b= ff
0,0, ff  otherwise 0,0, ff otherwise
[Aselg b, = Vel v g | 47 € Alg, A), 0" € B,V V (¢" € F) = b}
[ (alv" )] ,b,q’ _fq, ,q’(alv"'vakvr)
[let z =e1 in eo]gp.q.r
V{Ell"-([el}q,bl,q“,x A [eZ]q”,bzyq/,r) | ¢" € Q,b1,b2 € B,b="0yV by}
[if a > 0 then e; else ex]gpqr = (@ > 0A[e1]gp,q.r) V(@ <O0A[e2gb.q.r)

We explain a few cases. Since a immediately evaluates to an integer, [a]qp ¢/ r is
true just if a = r, ¢ = ¢/, and b = £f. In the translation of A;e, ¢” is the state
of A after the event A has occurred. The case for a function call f(aq,...,ax)
is based on the intuition on the predicate f;; 4 explained in Section 3.2. The
translation for e = let = e; in e5 is based on the intuition that e evaluates
to r just if e; evaluates to some integer x, and then e; evaluates to r; ¢’ is the
intermediate state of A when e; has been evaluated.
The formula [e],; is also inductively defined as follows.

algp =12 [gp =£f  [Aje]gp = VHlelgpviger [ 4 € Alg; A)}
[far, . an)lgp = foplar,.. ar)

let = ey in ea]qp = [e1]qp V (V{2 [e1]gp g2 Ale2]g v | ¢ € Q.0 € BY})
[if @ > 0 then e; else ex]yp = (@ > 0A [e1]qp) V (@ < 0 A [e2]qp)

When e = a or *, [e],, = ££ since e does not generate an infinite event sequence.
In the translation of A;e, we update the state and accumulate (by bV (¢’ € F))
information on whether an accepting state has been visited. For a function call
f(a1,...,ar), the Boolean parameter b is used to annotate f, so that f,; is
defined as the greatest fixpoint if b = tt (which means that an accepting state
has been visited since the last recursive call), and otherwise defined as the least
fixpoint. The translation for e = let © = ey in e5 is based on the intuition that
e diverges either if e; diverges, or if e; evaluates to an integer x and ey diverges.
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Using [e]q,p,q',» and [€]q,p, we define Ep p, Pp £in, Ep £in and Ppy (b € B) by:

Epb ={fq(T) = [elgee | (f(T) =€) € D,q € Q}

Pooy={fes | (f(Z)=¢) € D,qeQ}
Eptin = {faby (T,7) = [elgpqr | (f(T) =€) € D,q,qd € Q,b € B}
Pptin = {fanq | (f(T) =€) € D,q,¢' € Q,b e B}.

Finally, we define @p 4 = (€p,Hp) by:

Ep =Ept UED s UED £in Hp = (Pp,tt:V); (Pp,ts U PD gin, 11)-

As indicated above, the alternation depth (between v and ) of @p 4 is 2.
The following theorem states the correctness of the construction of @p 4.
A proof is given in Appendix A.

Theorem 1. Let D be a program and A be a Bichi automaton. Then L(D) N
L(A) # 0 if and only if p = maing, ().

Ezample 9. We have already given an example of the construction of @p 4 in
Section 3.2. We give another simple example here, which may help the reader
understand the role of the Boolean parameter b in f, ;. Recall the automaton A
in Example 8, and consider the program D; that consists of the single function
definition main() = A; main(). Then, @p, 4, is:

{main,, ¢+() =, maing, ++()}; {maing, +() =, maing, ()}

(We omit the equations for maing, ;.) Thus, $p, 4, = maing, (). Indeed, Dy
generates A“, which is accepted by Ag. The reason why main,, _in the bodies of
the equations is annotated with tt is that an event A occurs (so, the automaton
visits the accepting state q4) before main is called in the body of the function
definition.

In contrast, the program Dy consisting of main() = B;main() is trans-
lated to: {maing, ++() =, maing, ¢¢()}; {maing, ¢:() =, maing, ¢:()}. Thus,
Dp, 4, = maing, ++(). Indeed, Dy only generates B, which is not accepted by
Ap. Note that maing, in the bodies of the equations is annotated with ff
because each call of main() is only preceded by an event B; so, the automaton
does not visit q4. O

4 Proving Fixpoint Formulas by Reduction to CHC
Solving

In this section, we describe our Mu2CHC approach to validity checking of fix-
point formulas. The method is based on a reduction to CHC solving [5]. As
mentioned in Section 1, a main advantage of the approach is that we can reuse
off-the-shelf CHC solvers such as Spacer [27] and Holce [13].

Suppose that we wish to prove ¢ = main(). Without loss of generality, we
can assume that the predicate main is bound by v in @ (otherwise, just introduce
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a fresh predicate main’, and prove {main’() =, main()}; ® = main()). We can
also assume that @ contains no existential quantifiers, as existential quantifiers
can be encoded by using u; recall Remark 1. Below we present a method to
transform @ to another HES ¢’ so that ¢’ |= main() implies ¢ = main(), and &’
contains neither y nor existential quantifiers. By the observation in Section 2.3,
@' |= main() can be reduced to CHC solving. Using a CHC solver as a backend,
we obtain a sound procedure for proving ¢ = main(). To disprove ¢ |= main(),
it suffices to prove the dual problem @ |= main() (where main is the predicate
symbol that denotes the negation of main in ®); thus, by running the sound
procedure for proving @ = main() and @ = main() in parallel, we obtain a
sound (but incomplete) decision procedure.

Inspired by methods for proving termination by reduction to safety proper-
ties [34], we approximate u-formulas (which can be considered generalization of
the termination property) by v-formulas (which can be considered generalization
of safety properties). In particular, we pick the recent termination verification
method of Fedyukovich et al. [21] and generalize it for our context.

Let us first consider a special case, where an HES consists of a single equation:
P(Z) =, . Recall that the semantics of P is the least fixpoint of FF = Af €
ZF - B.)\U € Zk.[[go]]{pr,g_,g}, where k = ar(P). Thus, the semantics of P
can be under-approximated by FY(A\v.ff) for any y > 0, and a greater value of
y gives a better approximation. With this in mind, we prepare a new predicate
P’ and construct a new equation:

P(y,x) =, y>0N¢,

where ¢’ is the formula obtained from ¢ by replacing each formula of the
form P(t) with P’(y —1,t). The predicate AZ.P’(y,Z) corresponds to F¥(\v.ff)
above (in fact, one can prove that the semantics of AZ.P’'(y, ¥) is equivalent to
FY(M\v.££) by induction on y), and thus P'(y,z) = P(zx) for any y € Z. To
prove a formula of the form C[P(a)] (here, C is a formula with a hole, and
we write C[yp] for the formula obtained by filling the hole with ¢), it suffices
to prove C[Vy.(y > a} A--- ANy > aj, = P'(y,a))], where af,...,a) are arbi-
trary arithmetic expressions constructed by using variables available in the hole
of C. Note that Vy.(y > a}{ A--- Ay > a}, = P'(y,a)), which is equivalent to
P’(max(al,...,a}),a), implies P(z), and that (the semantics of) C' is monotonic
with respect to the hole position, since there is no connective for negation. Thus,
we have reduced the validity checking problem for a least fixpoint formula with
that of a greatest fixpoint formula in a sound (but incomplete) manner.

Remark 2. InVy.(y > a} A--- ANy > a}, = P'(y,a)), the bounds af, ..., a}, can
be chosen heuristically. A nice point about using multiple bounds is that we
can monotonically increase the precision of approximation, by adding new ele-
ments to the set {a],...,a}}. This advantage is analogous to that of disjunctive
well-founded relations over well-founded relations in the context of termination
verification [34].

Ezxample 10. Consider:
P(z)=,x=0VPx—-1)
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and suppose that we wish to prove Vz.z < 0V P(z). We define a new predicate
P’ by:
P(y,z)=,y>0A(x=0V P (y—1,z—1)),

and change the goal to Vz.z < 0V (Vy.y > z+ 1 = P'(y, 2)). One can reduce its
validity to the satisfiability of the following CHC:

Pl(y,x) =y <0V (z#0AP(y—1,2-1))
ff<=2>0Ay>2+1AP/(y,2).

It is satisfiable with P'(y,2) =y <0V <0V y < x + 1; hence we know the
original formula Vz.z < 0V P(z) is valid. O

In the general case, we replace each layer of p-equations with v-equations
one by one. Assume that a given HES & is

P1; {P1(51)~=H ©15. s Pr(@y) =4 SOk}NQ
{Pri1(Tra1) =v Qrs1s - s Pt (Thge) =v Qroye}-

As in the special case, we approximate the least fixpoint FP,(F') for the values
of Py,..., P, with a finite approximation F¥(L). To this end, we replace ¢ with
the following HES @':

Py A{PI(y,21) =y > 0N Py, Tr) =y > 0N @5
{P]é+1 (yvxqul) v ‘P;g.t,_la ceey P]é+e(y7xk+l) v (p;g—i-é}'

Here,

— ¢ (1 <4 < k+ ) is the formula obtained from ¢; by replacing each
subformula of the form P;(a) with Pj(y —1,a) if 1 < j <k, and with Pj(y, a) if
k+1 < j < k+{). Intuitively, P!(y,-) 1 < i < k is the y-th approximation F¥(L)
of the least fixpoint of F'; hence y is decremented each time P; is recursively
called. For P!(y,z;) for k+1 < i < k+ ¢ approximates P;(Z;) by approximating
Pj(z;) with Pl(y,z;) for 1 <j <k (vecall that the semantics of Pxy1, ..., Prye
are parameterized by those of Pi,..., Py).

— @) is the HES obtained from &; by replacing each formula of the form
Pi(a) (1 <i<k+{) withVyy >ajA---Ay >al, = P/(y,a), where a},...,a,,
are expressions consisting of the variables available at the position of P;(a).

By the construction above, P/ (y, ¥;) = P;(Z;) holds for every y, ¥1 € Z; hence
@' is an under-approximation of @. By repeatedly applying the transformation
above to @, we get an HES &’ such that ¢’ contains neither x4 nor 3, and [9'] C

[2].
Ezample 11. Recall the HES @ in Section 3.2 (with some simplification):

{maing, () =, F2.£4, 0 (),  £gu00(2) =0 I (Gga.£.05 (T, 7) A fguee(r)) )5
{gqufﬂw ($7T) —n ($ > 0A 8as,£f,q98 (x - 1,7“)) \ (33 <OAT= 5)a
qu,quB(.T,’l”) —n (1: >0 /\gQvif7QB(‘T - 1’T)) \ (I <0ATr= 5)}
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By encoding 3 with u, we obtain:

{maiHQA,tt() v P<0)7 qu,tt(x) ~v Q(07 m)}7

{P(z) =4 fg1ee(x) VP(x+1)V Pz —1),
Q(’/‘, ZE) —n (gQAaff7QB ($,’/‘) A fQA,tt(r)) \ Q(T + 17*T’) \ Q(T - 1,1‘),
8qatt,q5(T,7) = (& =2 0N ggpte,95(x —1,7)) V (x <OAT=5),
gQByff-,QB(x?r) ~u (‘T >0 /\gQByff»QB(x - 177')) v (:C <OAr= 5)}

By the transformation above, we obtain &:

{maing, +() =, Yy.(y > 1 = P'(y,0)),
fQAytt(‘r) v vy(y Z T+ 6 = Q/(y7 0) $)>7
Py, )=,y >0A (g, e(z) VP (y—Lxz+1)VP(y—1,z—-1)),
Q'(y,r,x) =y y > 0N ((8gat2,05 (¥ — L2, 1) Nguee(y — 1,7))
V' (y—Lr+Lz)vQ'(y—1,r — 1)),

g/qA,ff,qB(yvxvr) =Y >0

ANE>0ANgy, st9,y— Lz —1,7))V(xr<0AT=5)),
8ap.t5.q5 (Y T 1) =1y >0

ANE>0Agy, s¢9,(y—Lx—=17))V(z<0OAT=5))}

Since ¢} = main,, ++(), we know @7 = maing, (). O

Remark 3. As explained above, the idea of our translation is to approximate
the least fixpoint FP,(F) with F*(L). This is too conservative, when (i) the
least fixpoint is not reached in the w-step (i.e., when FP,(F) # F“ (1)), or (ii)
the bound k is too large to express it and for the underlying CHC solver to
reason about (e.g. when k is expressed by the Ackermann function). One way
to overcome this problem is to represent a bound as a tuple of integers. For
example, P(Z) =, ¢ can be approximated by P’(y1,y2, ), which is defined by:

Pl(yhy%'ff) =v Y1 >0/\y2 >O/\()0/7

where ¢’ is the formula obtained from ¢’ by replacing each subformula of the
form P(a) with

P'(y1,y2 — 1,a) V Vys.(yh > max(al,...,a}) = P'(y1 — 1,95, a)).

Note that when the value of y; is decreased, the value of y3 can be reset. This
corresponds to the use of a lexicographic ranking function in termination verifi-
cation. a

Figure 3 shows pseudo code of our overall procedure. The procedure
CheckValidity takes as input an HES & and an entry predicate main and
returns whether @ = main() holds. If ¢ is v-only (i.e., it contains neither 3 nor
), then the procedure converts the problem to the corresponding CHC satisfia-
bility problem, and calls a backend CHC solver. Similarly, if @ is p-only (i.e., it
contains neither V nor v), then the procedure makes the de Morgan dual of the
problem by MakeDual, converts it to CHC, and calls a CHC solver; in this case,
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CheckValidity(®, main){ /* &: HES, main: Entry formula */
if @ is a v-only HES then return CHCsolver (toCHC(MakeDual(®,main)))
else if ¢ is a p-only HES then return not(CHCsolver (toCHC(®,main)))
else return (CheckSub(®, main) || not(CheckSub(MakeDual(®,main))));

}

CheckSub (¥, main){
(9’ ,main’) := ElimMu(®,main)
while(true) {
if CHCsolver (toCHC(®',main’)) then return true
else (& ,main’) := IncreaseBounds($',main’); }

Fig. 3. Mu2CHC Procedure

the final result is the negation of the output of the CHC solver. The remaining
is the case where @ has alternations between p and v. In this case, the proce-
dure runs the subprocedure CheckSub for proving the original problem and its
dual in parallel. As described above, CheckSub approximates a given HES @ to a
v-only HES &' and then converts ¢’ to CHC. Due to the under-approximation,
the result is valid only if the CHC solver returns true (which means the formula
is valid); if the CHC solver returns false or time-outs, the procedure increases
bounds (af,...,a}, used for eliminating ;) and repeats the loop.

5 Implementation and Evaluation

We have implemented a validity checking tool MU2CHC for the fixpoint logic in
OCaml, based on the method in Section 4. We use Spacer [27] and Holce [13] as
the backend CHC solvers of MU2CHC. In addition, we have also implemented
a translator from CTL verification problems for C programs to Mu-Arithmetic
formulas, which supports only a very small subset of C, just large enough to cover
the benchmark programs of [17]. We have not yet implemented the translations
described in Sections 3.1 and 3.2 (implementing them for a full-scale language
is not difficult but tedious); thus, the outputs of those translations used in the
experiments below have been obtained by hand.

As the set of bounds {a},...,a}} used for approximating u-formulas by v-
formulas (recall Remark 2), Mu2CHC uses {c1z1+...+craxn+B | ¢; € {—A, A}}
where A, B are positive integers, and x1, . .., , are the variables in scope. Those
bounds are equivalent to the single bound A(|z1|+...+|zy|)+B. MU2CHC first
sets A =1, B = 10, and doubles them each time the IncreaseBounds procedure
in Figure 3 is called. In the implementation, an existentially-quantified formula
Jx.¢ is directly approximated by the formula V.2 > aj A--- A2 > a) = P(x),
where P(x) =, x > 0A(¢V[—z/z]oV P(x—1)) (rather than encoding it using u
as in Remark 1 and then approximating p by v). Note that Ve.x > aj A---Ax >
aj, = P(z) is equivalent to 3z.x < max(a},...,a}) A ¢.
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We have tested MU2CHC against our own benchmark set, and the standard
benchmark set for CTL verification [17]. The tool was run on an Intel Core i5
2.7 GHz dual-core processor with main memory of 8 GB.

The first table in Table 1 shows the results on our own benchmark set. The
columns Exp. and Act. show expected and actual results, respectively, where v/,
X, and 7 denote “valid”, “invalid”, and “unknown”, respectively. All the problems
except ex4 contain nested v and p. The problems 1-6 encode some properties of
integer arithmetic in the fixpoint logic. The problems 7-22 encode linear-time
properties of recursive programs, based on the translation in Section 3 (with
some hand-optimizations). In particular, 7 and 8 are @p, 4, in Section 3.2 and
a variation of it. The problems 9-14 are from [23,28,31]. For those problems,
the formulas encode the property “there is an (infinite) error trace that violates
an expected linear-time property.” Those formulas are invalid, since the original
programs have actually no error trace. The rest of the problems (23-28) encode
temporal property of while-programs, based on the translation in Section 3.1.
Among them, the problems 23 and 24 verify the properties vX.(z+y > 0A00X)
and vX.pY.OY V(0 > 2 A(uZ.0ZV (x > 1A X))) respectively, which we believe
cannot be expressed in CTL*. The problem ex6 has been taken from a test case’
of T2 [15], and verifies the CTL* property AG(AFG(x = 0) V AFG(xz = 1)). See
Appendix B for more details on the benchmark set. Our tool could successfully
check the validity of Mu-Arithmetic formulas, except the problem 22. It requires
a reasoning about the divisibility predicate, which is not well handled by the
underlying CHC solvers.

The table below in Table 1 shows the result for the “industrial” benchmark
set from [17]; the result for the “small” benchmark set is provided in Appendix B.
For comparison, we take the results from [17] verbatim (note that the execution
time is measured by using a different processor).® As the table shows, our tool
could successfully solve all the problems and outperforms [17] in most cases
(note however the difference in the experimental environments). This may be a
bit surprising, as our tool is not customized for CTL verification.

6 Related Work

As already mentioned, our work has been motivated by recent proposals of re-
ductions from program verification to validity /satisfiability checking in fixpoint

" https://github.com/hkhlaaf/T2/blob/master/test /ctlstar_test.t2.

& There are some discrepancies on the verification results among [17], [3] and ours.
We are not sure about this, but it is most likely because the benchmark set has
accidentally been modified when it was passed around. We have taken the industrial
set from that of E-HSF [3] provided by Andrey Rybalchenko. Note, however, that
we found some discrepancies between the C programs and their encodings in the
E-HSF; that explains the difference between the outputs of our tool and those of
E-HSF [3]. The “small” set was provided by Eric Koskinen. For 26-28, the results
are “invalid” for both ¢ and —¢ (as in [3]); this is not a contradiction, as the checked
properties are of the form “for all the initial states, ¢ (or =) holds.”
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Table 1. Experimental Results. The upper table shows the results for our own bench-
mark set, and the lower table shows the results for the Industrial Set from [17].

lBenchmark Name‘Exp,‘Act.‘Time[sH lBenchmark Name ‘Exp.‘Act.‘Time[sH

1. simple-nest v | v | 0.21 ||15. infinitel v | v | 158
2. simple-nest-inv| v* | v* | 0.19 ||16. infinitelb vV oI v | 297
3. linesl v |V 1.72 ||17. infinitelc-invalid| X X 1.64
4. lines2-invalid X X 0.27 |[18. infinite2 v | v | 0.36
5. lines3 v |V 1.95 ||19. infinite3 v | v | 013
6. lines4 v |V 1.66 ||20. intfunl-invalid X X 0.06
7. ex3 vV | vV | 9.36 ||21. intfun2-invalid X | X | 0.06
8. ex3-forall v | v | 22.87 ||22. intfun3-invalid X ? -
9. hofmannl X X 0.17 [[23. ex4 v | v | 0.09
10. hofmann2 X X 0.48 ||24. exb v v 0.13
11. koskinen1 _fo X X 0.27 [[25. ex6 X X 1.58
12. koskinen2 X X 1.50 |[26. ctll v | v | 0.79
13. koskinen3 X | X | 0.46 |[[27. ctl2 vV | v | 5.50
14. intro X X 1.96 ||28. ctl2b-invalid X X 1.72
Problem ID Eoe = -
and Property Exp [17] Mu2CHC Ex [17] Mu2CHC
%) ’ Act.[Time[S] Act.[Time[s] b Act.[Time[s] Act.[Time[S]
1. AG(p=AFq)| v | V 4.6 v | 040 X | X 125 | X | 0.41
2. AG(p= AFq)| X | X 9.1 X | 0.10 vV |V 3.5 v | 0.32
3. AG(p=EFq)| v | V 9.5 v | 0.23 X | X 18.1 X 1.57
4. AG(p = EFq)| X | X 1.5 X |1 065 | v | v |1057 | v | 0.82
5. AG(p= AFQ)| v | V 2.1 v | 049 X | X 6.5 X | 391
6. AG(p=>AFq)| X | x| 18 | x| 015 | v |v | 12 | v | 201
7. AG(p=EFq)| v | V 3.7 v | 491 X | X 8.7 X | 6.33
8. AG(p=FEFq)| X | X 1.5 | X | 555 | v | vV | 56 | v | 425
9. AG(p=AFq)| v | v | 389 | v | 0.65 X | X |1930.9| X | 3.27
10. AG(p =~ AFq)| X | X | 148.0 | X | 2820 | v/ | v |1680.7| v | 29.53
11. AG(p = EFq)| v | v | 90.0 | v | 0.42 X ? - X | 2.69
12.AG(p=EFq)| v | X | 1078 | v | 052 | x | 2 | - | x| 292
13. AFq V AFp X | v | 343 | X | 0.16 vV | X | 623 | X | 14.62
14. AFq V AFp X | X 188 | X | 0.20 vV |V 7.6 v | 191
15. EFq A EFp v v 12610 v | 21.87 | X X 0.9 X 0.14
16. EFq A EFp X ? - X 1.80 vV |V 0.6 v | 0.16
17. AGAFp vV | v | 59.7 | v | 0.58 X | X |1471.7] X | 2.39
18. AGAFp X X 65.1 X 0.07 v v | 351.1 | v 0.23
19. AGEFp X ? - X | 0.46 v | X | 85 | v | 038
20. AGEFp X ? - X | 0.89 vV | v | 2558 | v | 052
21. AGAFp X ? - X 1.22 v X 45.3 v 0.29
22. AGAFp X | X | 381 | x| 0.13 vV | v | 3.2 | v | 032
23. AGEFp X ? - X 0.11 v ? - v 0.11
24. AGEFp X X 42.7 X 0.11 v v 30.2 v 1.62
25. p = AFq V| v | 702 | v |1717T| X | X 0.4 X | 0.13
26. p = AFq X | X | 324 | x| 0.84 X | Vv 4.5 X | 0.09
27. p = EFq X | v | 185 | x| 094 | x| x| 05 | x| 009
28. p = EFq X | X 1.3 X | 0.07 X | v 0.3 X | 0.11
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logics [3, 5, 7-9, 22, 26, 32, 40]. The idea of using CHC in program analysis or
verification can actually be further traced back to earlier studies on constraint
logic programming [19,24,33].

The combination of our method for proving Mu-Arithmetic formulas with
the translation given in Section 3.1 yields an automated verification method for
the full modal p-calculus model checking of while-programs with infinite data. In
contrast, the previous temporal verification methods have been restricted to less
expressive temporal logics such as CTL [3,17,18,38], CTL* [14], and linear-time
logics such as LTL [16, 20, 31]. As already mentioned, the translation given in
Section 3.1 can be considered a special case of the translation of Watanabe et
al. [40] for higher-order programs. For imperative programs, however, our trans-
lation in Section 3.1 is more direct. Our translation for infinite-data programs
may also be viewed as a generalization of Andersen’s translation from modal
p~calculus model checking of finite-state systems to Boolean graphs [2].

The reduction from linear-time properties of first-order recursive programs to
the validity checking problem in a first-order fixpoint logic is new, to our knowl-
edge. Kobayashi et al. [26] proposed a translation from linear-time properties of
higher-order programs to the validity checking in a higher-order fixpoint logic
(called HFL), but their translation yields second-order fixpoint logic formulas for
first-order recursive programs.” Combined with our Mu-Arithmetic prover, the
translation yields a new automated method for proving linear-time properties of
first-order recursive programs. Our translation may be considered a generaliza-
tion of the technique for LTL model checking of recursive state machines [1], to
deal with infinite-data programs.

Our approach of Mu2CHC described in Section 4 has been inspired by termi-
nation verification methods [21,34] and generalizes the method of Fedyukovich
et al. [21]. A related technique has been proposed by Biere et al. [4] for finite-
state model checking. The Mu2CHC approach also much relies on the recent
advance of CHC solving techniques [5, 13,27, 37]. An alternative approach to
approximate p-formulas by v-formulas would be to generalize the termination
verification method based on transition invariants [35], as sketched in [40].

As discussed in Section 2.3, the validity checking problem for Mu-Arithmetic
may be seen as a generalization of the satisfiability problem for CHC |8, 9].
A few extensions of CHC have been previously studied [3,7]. To encode CTL
verification problems, Beyene et al. [3] extended CHC with a special predicate
dwf such that dwf (r) if and only if r is disjunctively well-founded. This fragment
is close to Mu-Arithmetic, in that, as an alternative to the method in Section 4,
we can replace a pi-equation P(Z) =, ¢ with P(Z) =, ¢, where ¢’ is the formula
obtained from ¢ by replacing each subformula of the form P(a) with r(a, Z)AP(a)
for a well-founded relation r. Allowing universal quantifiers in bodies of CHC [7]
corresponds to allowing existential quantifiers in our HES (recall that we took

9 They assume that source programs are in a CPS (continuation passing style) form,
and then translate an order-n program to an order-n HFL formula. Since a first-
order recursive program is converted to an order-2 CPS program, the order of the
formula obtained by their translation is 2.
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de Morgan dual in the conversions between a fragment of Mu-Arithmetic and
CHC in Section 2.3). In contrast, there is no counterpart of the extension with
existential quantifiers (in head positions of CHC) [3] in our fixpoint logic, which
indicates that such an extension is unnecessary for the p-calculus model checking
of while programs.

7 Conclusion

We have proposed a method for proving validity of first-order fixpoint logic with
integer arithmetic. Combined with the reduction in Section 3.1, the proposed
methods yield an automated, unifying verification method for temporal prop-
erties of while-programs, supporting all the properties expressive in the modal
p-calculus. We have also presented a reduction from linear-time properties of
first-order recursive programs to validity of fixpoint formulas, which also yields
an automated method for temporal properties of first-order recursive programs,
supporting all the properties expressive by Biichi automata. Future work in-
cludes further refinement of our verification method (e.g., on the point discussed
in Remark 3), and an extension of our tool lo support data types other than
integers. Extending our methods in Sections 3 and 4 to support algebraic data
types is not difficult, but the CHC solving phase may become a bottleneck, as
the current CHC solvers are not very good at dealing with algebraic data types.

We also plan to extend the methods to deal with higher-order fixpoint logic
with integer arithmetic, so that temporal properties of higher-order functional
programs can be automatically verified based on the work of Kobayashi et al. [26,
40].
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Appendix
A Correctness of the Translation

This section proves the correctness of the translation in Section 3. Theorem 1
can be split into the following two theorems.

Theorem 2 (completeness). Let D be a program and A be a Biichi automa-
ton. If L(D) N L(A) # 0, then Pp = maing, ++().

Theorem 3 (soundness). Let D be a program and A be a Biichi automaton.
If &p = mainy, (), then L(D) N L(A) # 0.

We later use the characterizations of least/greatest fixpoints by ordinals. Let
F € D — D be a monotonic function on complete lattice D. For each ordinal ~,
we define F7 by:

x ify=0
F(z) ={ F(FY (x)) ify=9"+1
U, FY'(z) if  is a limit ordinal.

The following is a standard fact (one can choose as v an ordinal greater than
the cardinality of D).

Fact 4 Let D be a complete lattice and F € D — D a monotonic function.
Then, there exists an ordinal v such that FP,(F) = FY(Lp) and FP,(F) =
F'(Tp).

We define the size of an expression e, written #(e), by

#(v) =#(x) =1 #(a1 0p az) = #(a1) + #(az)
#(Ase) =1+ #(e)  #(f(vr,... ) =2+k
#(let x = e; in ey) = #(if v > 0 then e; else ey) = #(e1) + #(e2) + 1

Below we first characterize the verification problem by product construc-
tion semantics in Section A.l. We then prove completeness and soundness in
Sections A.2 and A.3 respectively.

A.1 Characterization of the Verification Problem by Product
Construction Semantics

We introduce another operational semantics, which is convenient for characteriz-
ing the verification problem. Let D be a program and A be a Biichi automaton.

We define the transition relation (e, q) SIS (¢/,q') by the following rules.

nez
(E[+],q) > (Eln],q)
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a g ”Z val(a) =n
(E[a], q) £>D (E[TLL C])

(f(z1,...,2x) =€) € D
(Blf (1, comi)]s0) =5p (Bl /oy, i /zilel, q)

(Bllet = =n in e}, q) "5 p (E[[n/x]e], q)

n>0
(E[if n > 0 then e; else e}, q) LI (Ele1],q)

n <0
(E[if n > 0 then e; else e}, q) I (Eleal,q)

¢ €A(qg,A) b=(¢d€F)
(E[4;¢],q) b (Eld], )
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We often omit the subscript D. The relation (e, q) LA (¢/,q') represents a
transition of the product of the program D and the automaton A, where the
automaton may change its state from ¢ to ¢’ according to the event that may be
generated by the transition of the program from e to €/, and b represents whether

the automaton has changed its state to a final state. We write (e, q) =5 (¢',q")

if (e, q) L>D %D (¢,¢')and b="0b;V--- Vb, for somen > 0 and by,...,b,.
The following lemma follows immediately from the definitions.

Lemma 1. £(D) N L(A) # 0 if and only if there erists an infinite transition

sequence

. b b b
(main(), qo) —p (e1,4¢1) —p (e2,q93) —>p -+~

where b; = tt for infinitely many i’s.

A.2 Completeness

Suppose that £(D) N L(A) # 0. By Lemma 1, there exists an infinite transition

sequence

. b b b,
™= (maln()aqo) _1> (617(]1) —2> (627612) —3> o

where b; = tt for infinitely many i’s.
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We define p, by:

et if (e}, 45) = (ELf (@), @) and (ex, i) = (E[r], ') for some
Jj <k,withb="b;41V---Vb; and e; is of the form E|e]]

~ . . by
Pr(fang) (@, 1) = for every ¢ such that j < i < k, where e;- = f(n) AR
el = e (%1)

ff otherwise
tt if e; = (E[f(n)]) for some j, and the function call f(n)

pr(fop) () = never returns in 7. o (*2)
ff otherwise

Since pr(maing, ++)() = tt, Theorem 2 follows immediately from the follow-
ing lemma.

Lemma 2. p, C [#p].

To prove Lemma 2, we prepare a few lemmas.
The following lemma (together with Lemma 8 proved later) ensures that the
formula [e] g4, follows the intuition explained in Section 3.2.

Lemma 3. If (e, q) 25 (r,q") and p(fq, v/.q.) (W, 7") = tt for every subreduc-

7T/
tion'? sequence of the form (E[f(n)],q1) £/>D (E[r'], g2), then [[elg.p,q' .r]p = tt.

Proof. The proof proceeds by induction on the length of the reduction sequence

(e,q) :b>D (r,q"), with case analysis on e.

— Case e =n € Z: In this case, n = r, ¢ = ¢’ and b = ££. Thus, [€]gp,qr =
(n = r); hence the result follows immediately.

— Case e = a with a € Z: In this case, val(a) =7 , ¢ = ¢’ and b = ££. Thus,

[lelgp.q rlp = la=r], = tt.

Case e = *: In this case, ¢ = ¢’ and b = ££f. Thus, [e]yp,¢,r = tt.

Case e = f(n): by the assumption, p(fq,p,4)(7,7) = tt.

— Case e = if n > 0 then e; else ey: We discuss only the case where n > 0;

the other case is similar. We have (e, q) LTS (e1,q) :b>D (r,q'). By the
induction hypothesis, [[e1]q,b.q',r], = tt. Thus, [[elgp,q ], = [(n > 0) A
le1]gbgr Vo ']]p =tt.
— Case e = A;¢e’: In this case, (e, q) LA (e/,¢") A (r,q"), with b = (¢" €
F) Vv and ¢” € A(g, A). By the induction hypothesis, [[e']¢7 v/,¢'.r], = tt.
The result follows, since [A;€]qp.q'r = [€]g7brq70 V -+
Case e = let = n in €’: In this case, (e, q) LT ([n/x]e,q) =25 (r,q'),
The result follows immediately from the induction hypothesis.
— Case e =let x = e in eq, with e; &€ Z: We have:

(e,q) 25p (let & =1y in ez,q") =21 (r,q),

10 Including (e, q) ==p (r,q') itself.
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with b = by V by with (eq,q) 2 (r1,¢"). By the induction hypothesis,

[[let z =71 in €2y by.00]p = [F.(x = 11 Allea]gr by .)]p = tt,

and [leilgby,g7,r]p = tt. The result follows, since [e]gp.qr =
Hx.([el]q’bhqu’m/\[eg]qu,b%q/,,«x which is entailed by HJJ((E = 7"1/\[62],1”,1,2’(1/,,,)/\
O

[e1]q,b1,q7r1 -
The next few lemmas state properties of the formula [e]4 .

Lemma 4. If [[e]q], = tt, then [[Ele]lgb], = tt.

Proof. Straightforward induction on F. ad

Lemma 5. Let b € B. Suppose: (i) (e, q) ép (E[f(™)],q), (i)
p(fg pover)(R) = tt, and (iii) if (e, q) %D (E[f(n)],q) contains a reduc-
tion of the form (E'[g(m)],q1) LA (E'|€'],q1), the reduction is extended to
(E'lg()).a1) £ (B'[r), 1) inside (e,q) Z5p (B (1)].4)) (ic., every func-
tion call in (e, q) %D (E[f(n)],q') returns inside it), and p(gq, by,q.) (M, T) =
tt. Then, [[e]q], = tt.

Proof. The proof proceeds by double induction on the length of the reduction

sequence (e, q) Lep (E[f(n)],q’) and the size of e. In the base case (where
the length is 0), e = E[f(n)]. By the assumption (ii) and Lemma 4, we have
[lelg.b], = tt as required. For the induction step, we perform case analysis on e.

— Case e = a or e = x This contradicts the assumption (e,q) ép
(ELf )], @),

— Case e = g(m): This contradicts the assumption (iii) (that every function
call returns).

— Case e = if n > 0 then e; else ey: We discuss only the case where n > 0;

the other case is similar. We have (e, q) LI (e1,q) LA (E[f(n)],q¢')- By
the induction hypothesis, [[e1]q,s], = tt. Thus, [[e]qs], = [(n > 0)Alei]qp V
-], = tt.

— Case e = A;¢e’: In this case, (e,q) QED (e,q") b:”>D (E[f™)], ), with
b = (¢" € F)Vvbd and ¢' € A(q,A). By the induction hypothesis,
[[e’]q7 pv(q7ery ], = tt. The result follows, since [A; €]y b = [€']¢7 by (grer) V

— Case e = let x = n in ¢: In this case, (e,q) LA ([n/z]€, q) éD
(E[f(™)],q"). The result follows immediately from the induction hypothe-
sis.

— Case e = let x = e; in ey, with e; &€ Z: If e; evaluates to an integer in the

reduction sequence (e, q) b:/D (E[f(n)],d), i.e., if

(e,q) b (let z =7y in es,q”) =2 p (E[f(7)],d),
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then, by the induction hypothesis,
[[[let T =r1in eg]q//’b\/blﬂp = [[EL’,C(:C =7r A [eg]qn’b\/bl)]]p =tt.

By Lemma 3, we also have [[e1]qb,,47.r1], = tt. The result follows, since
lelgp = -V 3z.([e1]g,b1,q7,2 A [€2)q7 bvb, ), Which is entailed by (z = 71 A
[e1]g.b1,07,2 A [€2]g by )-

If e; does not evaluate to an integer in the reduction sequence, E = let x =
Ei in ey. By the induction hypothesis, [[e1]q,5], = tt. By Lemma 4, we have
llelgb], = tt as required. O

The following is an (co)induction principle about nexted fixpoints, which is
used for proving Lemma 2.

Lemma 6 (mixed induction). Let Dy, Dy be complete lattices. Assume that
Fy: Dy X Dy — Do, Fy : Dy x D1 — Dy are monotonic functions, and that

To = FPV()\ZQ.F2<FPH(Z27 )\Zl.F1(227 Zl)))) xr1 = Fl:)u()\zl.1’7‘1(.1‘27 Zl))
If y1 € D1 and ys € Dy satisfy:

Y2 T Fo(ya2,y1) y1 EFP,(A21. F1(y2, 21)),
then y1 C x1 and ys E xo.

Proof. By the assumption, we have:

Y2 © Fa(y2,y1) C Fa(y2, FP,(A21.F1(y2, 21))),

i.e., yo is a fixpoint of Azo. Fo(FP, (22, Az1.F1(22,21))). We have thus yo T xo.
Using the assumption and ys C x5, we have

Y1 E FPM(AZI.Fl(yQ, Zl)) E FPM(/\Zl.Fl(l‘Q, 21)) =T,
as required. a

We are now ready to prove Lemma 2.

Proof (Lemma 2). Let p; and ps be the restrictions of pr to Pp in U Pp ¢ and
Pp.t+ respectively. By Lemma 6 and the definition of [@p], it suffices to show:

p2 C [€pte]pn (1)
p1 E [@p]1(p2)(=FP,(Ap € I'ppy 11yuPp 4o [ED 28] po0p)) (2)

To show (2), we define the ranks of (f, 44,7, 7) and (fy5,7) by:

— rank.(fg,q,7,7) is the least value of k — j for j and k that satisfy the
condition (*1) (in the definition of p;).

— rank.(fyp,7) is the least value of k — j, where j satisfies the condition (*2)
(in the definition of p) and k is the least value greater than j such that
b = tt.
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We show

(i) pr(fgp.q)(m,7) = tt implies ([@p]i(p2))(f4.b.e')(12,7) = tt.
(i) pr(fgee)(n) = tt implies ([Pp]i(p2))(fg0)(R) = tt.

by induction on rank.(fy 5,4/, 2, 7) and rank, ( f, s, 1) respectively; that will com-
plete the proof of (2). The former is also used for proving the latter.

We first show (i) by induction on rank,(f,.4,7,7). By the definition of p,
and rank,, there exist j and k such that k — j = rank,(fq.4,7,7), and

(e, a;) = (BLf ()], 9) == p (E[[/Fes], ) == b (B[], q) = (ex, ar)-

By the induction hypothesis, ([@p]1(p2)))(ggr.b7.q2) (M, ") = tt for every sub-

reduction sequence (Fi[g(m)],q1) bzlp (Er[r'],q2) of (E[[n/Zlefl,q) %D
(E[r],q’). Thus, by Lemma 3,

([2D]1(p2))(fa.p,0)(1s7) = [[[7/Z)et]q.b,0 ] poui@p]r (02) = tE

where f(Z) = ey € D, as required.
Next, we show (ii) by induction on rank,(f,s, 7). By the assump-

~ . . . ~ b
tion pr(fyp)(M) = tt, 7 contains an infinite sequence (E[f(n)],q) —p
~ b! -
(E[[n/%)e],q) —p ---, where f(n) never returns, and b;ank-rr(fq.b a = tt
and b = ff for every ¢ < rank,(f;s,n). Since f(n) does not return,

(E[[n/Z]e], q) gD -+ - must be of the form: (E[[n/Z]e], q) b=/>D (E[E'[g(m)]],q")
where ¢ directly comes from e (in other words, g(m) is a direct call from f (7))
and g(m) does not return either. By the construction of pr, p2(ge +t)(Mm) = tt.
Also, if o = ££, then by the induction hypothesis, ([®p]i(p2))(gq ¢)(M) = tt.
Thus, ([7i/Z)e,q) “>p (E'[g(f)],d') with p = p2 U ([8p]:(p2)) satisfies the
assumptions of Lemma 5. Therefore, we have

([20]1(p2))(fo.0) () = [[n/T]e]p2 U ([Pn]1(p2)) = tt,

as required.
It remains to show (1). What we need to show is:

(111) pﬂ(fq7tt)(ﬁ) =tt implies [H?i/'}ﬂeﬂp2u(ll¢D]]l(P2)) = tt,

for every (f(z) = e) € D. By the assumption pr(fy+:)(7) = tt, 7 contains an
infinite reduction sequence

(Elf®)),q) <5 b (E[[#/Te),q) =2 b (E[E'[g@)],¢) =2p -,

where g(n) is a direct call from f(n), and g(n) never returns. The reduction

sequence ([n/Z]e, q) LI (E'g(n)],q") with p = p2 U ([@p]1(p2)) satisfies the
assumptions of Lemma 5. Thus, we have [[n/Z]e] p,u([# 5], (ps)) = tt, as required.
O
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Theorem 2 follows immediately from Lemma 2.
Proof (Proof of Theorem 2). Suppose L(D) N L(A) # 0. By Lemma 1, there

exists an infinite transition sequence

. b b b
7 = (main(), q) — (e1,q1) —= (e2,q2) 2

where b; = tt for infinitely many ¢’s. By the definition of pr, pr(maing +)() =
tt. By Lemma 2, we have [@p](maing, +)() = tt, i.e.,, Pp E maing (). O

A.3 Soundness

We prove soundness (Theorem 3) in this section. Below, we write © for Aos €
Ipp, - Ao1 € I'ppy o UPp ;- [E5in U ED 5] 0y U0, - We first prepare a few lemmas.
Lemma 7. If (©(02))"(p)(f)(n)) = tt and p(f)(n) = ££, then there exists a
successor ordinal v such that (©(02))Y (p)(f)(n)) = tt and v < 7.

Proof. Since p(f)(n) = ££, v must be a successor ordinal or a limit ordinal. If
is a limit ordinal,

(@) (P (N)@) = || (Be2)" (0)(f) (7))

v'<y
Therefore, there exists v/ such that (0(a2))” (p)(f)(R)) = tt. O

Let 0g, 01, and o2 be the restrictions of [®p] to Pp tin, Pp s and Pp e
respectively. We write p, for oo U (O(02))(00).

Lemma 8. If [[e]g,4'r]p, = tt, then (e, q) LA (rq').

Proof. For an ordinal &, let p} be (O(a2))%(0). Since [€]yp 4 contains only
predicates of the form f,; 4, it suffices to sow:

b
It H[e]q,b,q’,’r‘]]pé = tt, then (e,q) —p (1, ¢).
for any &£. We prove it by double induction on £ and the size of e.

— Case e = a: By the assumption [[[e}q,b7q/7rﬂp/§ = tt, we have b = £f, ¢ = ¢/,
and [a = 7] p. = tt. Thus, the result follows immediately.

— Case e = % By the assumption [[e]qp,qr],, = tt, we have b = £f and
g = ¢'. The result follows immediately, as (x,q) LN (r,q).

— Case e = f(n): By Lemma 7, we may assume that £ is a successor ordinal.
By [[[e]q’b,q/,r]]p/g = tt, we have [[[[n/gc]/ef]q’b)q/,r]]péi1 = tt. Thus, the result
follows from the induction hypothesis.

— Case e = let © = e; in ey: By the assumption [[[e]q_,b&,/,r]]p/£ = tt, there exists
r1,b1,b2,¢” such that [Hel]q,bhq”,n]]p’5 = tt and [[[[7“1/55']62]11”,62,q’,r]]p’5 =1t

with b = by V be. By the induction hypothesis, we have (e, q) %D (v, q")
and ([r/z]ez,q") L (r,q"). Thus, we have (e, q) =5 (r,q’) as required.
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— Case e = if n > 0 then e; else es: We discuss only the case n > 0, since
the other case is similar. Since [e]gpqr = (0 > 0) A [e1]gp.qr) V (0 <
0) A [e1]q,p,q',r), by the assumptions [He]%b,q’,r]]p’g = tt and n > 0, we have

[[[el],17;),q/7,»]],)z5 = tt. By the induction hypothesis, we have (e, q) SN, (r,q'),
from which the result follows immediately.

— Case e = A;e’: By the assumption [[e]qp,q'.r],, = tt, there exists b’ and
q" € A(q, A) such that [[[e’}q//7b/7q/7,«]]pf£ =ttand b= (¢" € F) vV. By the

induction hypothesis, we have (e’,q") LN p (r,q"), from which the result
follows immediately. a

Lemma 9. If [[e]gs],, = tt, then either (i) e = E[f(n)] and py(fyp)(n) =

tt, or (i) there exists €’ such that (e,q) ép (€/,q') and #(e') < #(e) and
[T pvorllo, = tt.

Proof. Since [[e]q],, = tt, e is not a value. So, e must be of the form e = E[I].
We show the required property by induction on E. For the base case (where
E =[]), we perform case analysis on I:

— Case [ is a or *: This contradicts the assumption [[e],],, = tt.

— Case I = f(n): (i) holds.

— Case I =let © = n in e;1: In this case, we have: [e],, = Tr.2 = n A [e1]q.p,
which is logically equivalent to [n/x]le1]q.s = [[n/x]e1]q,p. Thus, the required
result holds for ¢/ = [n/z]e; and ¢’ = q.

— Case I = if n > 0 then e; else e;: We discuss only the case n > 0; the
other case n < 0 is similar. If n > 0, we have

[[[e]q,b]]pnY =[((n = 0) Alex]gp) V ((n < 0) A [GQ]q’b)ﬂpw = [Hel]qybﬂpw

Thus, the required result holds for ¢/ = e; and ¢’ = q.

— Case I = Ajep: In this case, we have: [e]l,, = 3¢ € A(g, A).[e1]q pvbr-
By the assumption [[e]q],, = tt, there exists ¢ € A(g, A) such that
lle1]q  bver],, = tt. Thus, the required result holds for ¢’ = e.

For the induction step, suppose E = let x = E; in ey. Since we have
lelgs = [Ex[llgp vV 32,8, ¢" ([EL[]lgr q7.0 A le2]gm pvw),

we have either [[Ei[l]];s],, = tt, or there exists r,0',q” such that
[[EL]]gp g0 ]p, = tt and [[[r/z]ea]q pvir],, . In the former case, the result
holds for ¢’ = E;[I]. In the latter case, by Lemma 8 and [[E1[I]]qv/,q7,r],, = tt,

’

we have (E1[I],q) NS (r,q"). Thus, the required result holds for ¢’ = [r/z]es.
O

’

Lemma 10. If [le]0],, = tt, then (e, q) SIS (Elg(m)],q") and
llg(m)]govea) = tt for some E, g, q, and m.

Proof. This follows by straightforward induction on #(e), using Lemma 9.
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Lemma 11. If [[f(n)]4ee][a) = tt, then (f(n),q) =5 (Elg(m)],q") and

llg(m)]gs][e) = tt for some E, g, q, and m.

Proof. By the assumption [[f(n)]gtc]jey = tt, we have (f(n),q) LIS
([n/z]e, q) with [[[n/Z]e]s:]ja). By Lemma 10 (note that p, = [@] for some
ordinal v), we have the required result. a

Lemma 12. If [f(W))gelp, = tt, then (f(),q) ==p (Elg()],¢) and

[lg(m)lg plp,, = tt, for some " <.

Proof. By the assumption [[f(n)]gte]p,, = tt, (O(02))7(00)(fee)(n) =
tt. By Lemma 7, we have a successor ordinal ~” < ~ such that

(6(02))"" (90) (fa22)(7)) = tt. Thus, we have (f(i).q) ~+p ([i/T]e,q) with
[l[n/z]elq,e2]p.,_,- By Lemma 10, we have the required result for v/ =" — 1.
O

As a corollary, we have:

Lemma 13. If [[f(W)],u]ie) = tt. then (f(7),q) ==p (Elg(W)].q') and
[lg(m)]qp1je] = tt for some E, g, q, b', and m.

Proof. By Lemmas 11 and 12, we have either (i) (f(72), ¢) == p (E[g(m)],¢') and

[lg()geelfe) = vt or (i) (f(7),q) = (Elg(i),¢) and [[g(i)]g.zc]y, = vt
for some ~. In the latter case, by induction on v and Lemma 12, we have the
required result. a

Proof (Theorem 3). An immediate corollary of Lemma 13. O

B Additional Information about Benchmarks and
Experiments

We provide additional information on our own benchmark set 1.

— The problems 1-6 are validity checking problems for the following fixpoint
logic formulas, which do not necessarily come from program verification prob-
lems.

1:¥Ynpi(n)=n>0
where {p1(z) =, p2(z) Ap1(z + 1)} {p2(y) = y =0V p2(y — 1)}
2:VYn.n > 0= pi(n) for p; above
3:Va,b.3x >0y .z > 2’ = 22 +a >z’ + b,
where Jx and Vz’ are encoded based on Remark 1.
4 — 6 : variations of 3

— Problem 7 is @p, 4, in Section 3.2, and 8 is its variation, obtained by re-
placing 3v.f,, ¢ (7) with Vz.£,, t¢(x) in the body of main,, .
— Problems 9 and 10 are from [23].
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— Problems 11-13 are are from [28]; they correspond to the first three examples
in Figure 10 of [28], except that the original version of koskinenl-fo is a
higher-order program, and we have applied inlining to obtain an equivalent
first-order program.

— Problem 14 is from [31].

— Problem 15 encodes the property that, for all m,n, event A occurs infinitely
often in the following program:

let rec f nm =
if n < m then
A; £f (n+1)m
else
fn(m+1)
in f nm

— Problems 16-19 are variations of Problem 15.
— Problem 20 is obtained from the property that, for every n, event A occurs
infinitely often in the following program:

let rec £ x = if x = 0 then 3 else f (x - 3) in
let rec g x =
if x >= 0 then
A; let a=f xin g (x + a)
else loop()
in g(n)

Problems 21 and 22 are variations of 20.

— Problems 23-25 are from Examples 4-6 in Appendix 3.1.

— Problems 26-28 encode CTL properties of labeled transition systems. The
transition systems for 27 and 28 are quite tricky. The formula checked in 27
is Vn.E(n) where

{E(n) =u Va(n)};

{Vg(n) =v Vg(n + 1),V3(Tl) =v Vl(n + 1),
Viln) =, (n <O0AVi(n+1))V E(n—3),
Viln) =, (n=0AV3(n—06))VVa(n+1)},

and the formula for 28 is a variation of it, obtained by replacing the constant
6 with 5.

The results for the “small” benchmark set from [17] is shown in Table 2.
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Table 2. Benchmark on all the small problems from [17].

Ee E e
Property Exp PLDI'13 Mu2CHC Fx PLDI'13 Mu2CHC
’ Act.[Tirne[s] Act.[Time[s] b Act.[Time[S} Act‘[Time[s]

1. AFp vV IV 1.2 v 0.14 X X 0.8 X 0.16
2. AFp X X 0.8 X 0.08 v v 0.9 v 0.09
3. AGp vV IV 0.3 v 0.08 X X 0.5 X 0.08
4. AGp X X 0.5 X 0.08 vV |V 0.6 v 0.08
5. EFp v v - v 0.09 X X 0.8 X 0.09
6. EFp X X 1.7 X 0.08 v |V 2.0 v 0.08
7. EGp v IV 0.9 v 0.09 X X 0.5 X 0.09
8. EGp X X 0.9 X 0.09 v v 0.4 v 0.06
9. AGAFp vV IV 10.8 v 0.16 X X 1.9 X 0.18
10. AGAFp X X 1.9 X 0.09 vV |V 3.6 v 0.10
11. AGEFp v v 29.0 v 2.32 X X 3.9 X 3.44
12. AGEGp vV IV 1.2 v 0.08 X X 6.3 X 0.09
13. AFEGp vV IV 55.8 v 0.76 X X 10.9 X 1.03
14. AFEFp vV |V 3.7 v 0.68 X X 33.7 X 0.18
15. AFAGp vV IV 1.3 v 0.60 X X 2.7 X 0.82
16. AFAGp X X 11.0 X 0.71 v IV 5.8 v 0.18
17. EFEGp v v 44.3 v 0.64 X X 3.6 X 0.96
18. EFEGp X X 54.7 X 0.30 v |V 10.2 v 1.53
19. EFAGp v IV 0.6 v 1.47 X X 23.8 X 0.13
20. EFAFp v ? - v 0.33 X X 7.5 X 0.18
21. EGEFp X X 10.4 X 0.29 v |V 40.3 v 0.29
22. EGAGp v IV 0.8 v 0.06 X X 0.9 X 0.06
23. EGAFp v v 12.5 v 0.39 X X 13.8 X 0.12
24.EG(q=FEFp)| v | X | 339 | v | 057 | X | X | 20 | X | 1.04
25.EG(q = AFp)| X | x | 1502 | x | 008 | v | X | 138 | v | 0.15
2. 46(g=EGp)| v | v | 22 | v | 009 | x | x| 63 | x| 0.09
2. AG(q=EFp)| v | v | 295 | v | 146 | x | x | 39 | x| 444




