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Abstract. We propose a generic method for deciding the language inclu-
sion problem between context-free languages and deterministic context-
free languages. Our method extends a given decision procedure for a
subclass to another decision procedure for a more general subclass called
a refinement of the former. To decide Lo C L1, we take two additional
arguments: a language Lo of which £; is a refinement, and a proof of
Lo C L3. Our technique then refines the proof of Lo C L2 to a proof
or a refutation of Lo C L;. Although the refinement procedure may
not terminate in general, we give a sufficient condition for the termina-
tion. We employ a type-based approach to formalize the idea, inspired
from Kobayashi’s intersection type system for model-checking recursion
schemes. To demonstrate the usefulness, we apply this method to obtain
simpler proofs of the previous results of Minamide and Tozawa on the
inclusion between context-free languages and regular hedge languages,
and of Greibach and Friedman on the inclusion between context-free
languages and superdeterministic languages.

Update

— [5th September 2016] Correction of the definition of reading mode

1 Introduction

The language inclusion problem, which asks whether £y C £ for languages Ly
and Lq, is a fundamental problem in the field of formal language theory. We
are interested in its decidability, mainly motivated by applications to program
verification [1,7,12]. We consider the case that £y and £; range over context-
free languages. It is well known that the inclusion £y C £ is undecidable for
context-free languages Lg and L. For some subclasses of context-free languages,
however, the inclusion is decidable [3].

In the present paper, we propose a generic method for deciding the inclusion
problem. Our method extends a decision procedure for a subclass of context-
free languages to another decision procedure for a more general subclass. For
example, consider the languages consisting of open and close tags, like XML
documents. It is known to be decidable whether a given context-free language
is included in the Dyck language, which is the set of all words consisting of



correctly nested tags. Using our method, we can extend this result to obtain a
new proof of the decidability of inclusion between context-free languages and
regular hedge languages [12].

Our method can be outlined as follows. Suppose that a decision procedure
is given, which takes a language £y and decides whether £y C Ly for a fixed
language Lo (in the example above, the language of all correctly nested tags).
We assume that the procedure returns a “proof” of Ly C Lo if it is the case. By
using this procedure, our method provides a way of deciding whether Ly C L4,
where £ is a subset of Lo, called a refinement [19] of Lo (in the above example,
a regular hedge language). To decide Ly C Ly, we first decide whether £y C Lo,
using the decision procedure. If Lo ¢ Lo, we conclude Lo € L. If Lo C Lo,
the procedure returns a “proof” of it, and we decide the inclusion £y C £; by
refining the “proof” of Ly C Ls.

To formalize the idea, we employ a type-based approach inspired by Kobayashi’s
intersection type system [7] for the model checking of higher-order recursion
schemes. For each deterministic context-free language L;, we develop a type
system characterizing context-free grammars G such that Lg C L;, i.e., a type
system 7; such that G is typable in 7; if and only if Lg C £;. Then, the inclusion
problem Lg C £; is reduced to the typability of G in 7;. We check it by (i) first
checking whether G is typable in a “simpler” type system 72, and (ii) if G is
typable in 77, enumerating “refinements” of the type derivation of 75 - G and
checking whether there exists a type derivation for G in 73 among them. (We will
substantiate the meaning of “simpler type system” and “refinements” in later
sections.)

We demonstrate the usefulness of the method by giving simpler proofs of
two previous decidability results: (1) The result of Minamide and Tozawa [12]
on the inclusion between context-free languages and regular hedge languages; (2)
The result of Greibach and Friedman [5] on the inclusion between context-free
languages and superdeterministic languages, which is, to our knowledge, one of
the strongest results about the inclusion problems.

The rest of the paper is organized as follows. In Section 2, we define some
notions and notations about context-free grammars and pushdown automata. In
Section 3, we construct an intersection type system characterizing the inclusion
problem. In Section 4, we develop a procedure which refines a type derivation and
we give a sufficient condition for the termination of the procedure. In Section 5,
we apply our method to prove some decidability results. In Section 6, we discuss
the related work and we conclude in Section 7.

2 Preliminaries

Context-free Grammars We present context-free grammars for words in the form
of (a special case of) context-free tree grammars generating monadic trees (i.e.,
trees of the form aj(as(...(an($))...))). The definition is consistent with the
standard definition of the context-free grammars.



We use a special letter $, which can occur only at the end of a word, and
distinguish between two kinds of words: those that end with $, called terminat-
ing words, and those that end with a normal letter, called normal words (or
simply, words). A sort k is o describing terminating words, or 0 — o describing
normal words. A normal word w can be considered as a function that takes a
terminating word w’$ and returns the terminating word ww’$; that is why we
assign a function sort to normal words. A context-free grammar (CFG, for short)
is a quadruple G = (N, X, R, S), where:

1. N is a finite set of symbols called non-terminals. They have the sort o — o.
Non-terminals are ranged over by F'.

2. X is a finite set of symbols called terminals. We use metavariables a and b
for terminals. They also have the sort o — o.

3. R is a set of rewriting rules of the form F' x — ¢, where x is a variable of the
sort o and ¢ is a term of the form aq(asa(... (an(x))...)) with a; € ZUN.
There can be more than one rule for the same non-terminal.

4. S is a distinguished non-terminal, called the initial symbol.

We use t and s as metavariables of terms and a as a metavariable ranging over
X UN. The rewriting relation =r is defined by:

Fs=gtls/z]if (Fr—ot)eR at=gat ift=xt

Here t[s/x] is the term obtained by substituting s for « in ¢t. We write =% for
the reflexive and transitive closure of =5x. We often omit R if it is clear from
the context. For a given non-terminal F', we define the language generated by F
as Lg(F) = {araz...an, € Z* | F $ =* ai(az(...(an($))...))}. The language
generated by G, written Lg, is Lg(S).

Ezample 1. For a given alphabet X', we define the set of open tags Y= {d|ac
X'} and close tags y= {a]|a€ X} Let Gy = ({S, F,, Fv}, YoUXo, R, S), where
Yo ={a,bland R = {Sz — z, Sz — a(F,(z)), Sz — Fy(b(z)), Foz —
S(a(z)), Fyx — b(S(z))}. The language Lg consists of words of the form
G162 ... 4nay, ... a1, where a; € {a,b} forall 1 <i <mn.

The rules of this CFG can be written in the standard notation as:

S—e|aF, | F,b, F,—Sa  F,—bs,

where € denotes the empty word. ad

Pushdown Automaton A pushdown automaton (PDA, for short) is a quadruple
M = (Q,X,I6§), where (1) @ is a finite set of states; (2) X is an alphabet;
(3) I' is a finite set of stack symbols (we use metavariables A and B for stack
symbols), and (4) 6 € Q x I' x (XU {e}) x Q x I'* is a transition relation. We
use A and B to denote (possibly empty) sequences of stack symbols. For g € Q,
AeTl and a € XU {e}, we define 6(¢, A,a) = {(¢,A") | (¢, A,a,q,A') € 6}. A
pushdown automaton is deterministic if for any ¢ € Q, A € I' and a € X, the
set 6(q, A,a) U d(q, A, e) has exactly one element. In the rest of the paper, we
consider only deterministic pushdown automata.



We call an element of Q x I'* a configuration. If (q, A,a,q,A’) € § (here
a € XU{e}), we write (¢, BA) -5, (¢, BA'). We say a configuration ¢ = (¢, BA)
is in reading mode if |, 5;(¢, A, a) # 0 (note that a configuration with the empty
stack is not a reading mode).? For configurations ¢ and ¢’ in reading mode and
a € X, we write ¢ E§, ¢ if

cIFSy dy Iy da 5y -~ 1FSy o IFS, ¢ WS

For w = ajas...a, € X*, we write c EY; ¢ if cF}; di F}} do FY - - B3 .

For a given configuration ¢ in reading mode and a given set F of configura-
tions in reading mode, we define Lys(c, F) = {w € X* | 3¢’ € F. cE}; ¢'}. Here
¢ indicates the initial configuration and F the set of accepting configurations.

Ezample 2. Recall Xy and Gy defined in Example 1. We define Ay = ({q}, Yo U
5o, {*},0.4,), where 6.4, = {(q, %, d,q,+%), (¢, %, &, ¢,€) | a € Zo}. The automaton
As counts and records the difference between the numbers of open tags and
close tags, ignoring their labels. Let L = L£4,((q,%),{(g,*)}). Then L is the
set of all balanced tags, e.g., 4b € L but 4abb ¢ L. Tt is obvious that Lg, C
£oa,((a,%), L@, )}): o

We define a different PDA A; = ({q1,¢2}, 20 U X, X U {L},04,), where
04, ={(q1,A,d4,q1,Aa) | A € ZgU{L},a € Xo}U{(q1,0a,a,q2,¢), (¢2,a, 4, qa,€) |
a € Xp}. In addition to counting the difference of open tags and close tags, A;
records labels of open tags on its stack, and checks if end tags are already read,
by using its state. Let L' = L4, ((q1, L), {(g1, 1), (g2, L)}). Then L’ is the set of
all words of the form didso...dnay, ... a2a1, where a; € Xy. Thus Lg, = L'. O

3 Type System

We construct a type system T for each PDA M which characterizes the CFGs
generating languages accepted by M. In the rest of this section, we fix a PDA
M and discuss the definition and properties of the type system Tj;.

The syntax of types is defined by: 7 ::= ¢ | A© — ¢, where ¢ ranges over
configurations of M in reading mode and © is a (possibly infinite) set of configu-
rations in reading mode. We often abbreviate A{d} — c as d — ¢. We say a type
¢ has the sort o (written as ¢ :: 0) and a type A\ © — ¢ has the sort 0 — o (written
as A © — ¢ :: 0 — o). Intuitively, the type ¢ is for terminating words accepted
from ¢ (by ignoring $ at the end). Interpretations of — and A are standard:
d — ¢ describes functions from d to ¢ and ¢; A ¢o describes terminating words
accepted from the both of ¢; and ¢o. Thus a normal word w = a; ... a,, which

can be considered as a function Az.aq(as(...(an(x))...)), has a type d — c if
c B d.

3 [5th September 2016: Correction] As discussed in [21], the previous definition of the
notion of reading mode was wrong. We are grateful to Uezato and Minamide for
pointing out this.



A type environment is a (possible infinite) set of bindings of the form z : 7
or F: 7. We allow multiple bindings for the same variable (or the same non-
terminal), as in { : 71,2 : 72}. We often omit curly brackets, and simply write
X1:Tly e e, Xy Ty for {zy i1, ... 2y Ty }. We abbreviate {z:c|c € O} asz: \ O.
We define A(z) = {7 | z:7 € A}. A type environment A is well-formed if it
respects the sort, i.e., x : 7 € A implies 7::0 and F : 7 € A implies 7:: 0 — o.
We assume that all type environments appearing in the sequel are well-formed.

The typing rules are listed as follows.

Al—Mtlz/\@—>c
z:TEA F:reA Al ty:d (for all d € O) cES ¢
Abpyx:T Aby For Abptita:c Abpya:cd —ec

These are standard rules for intersection type systems except for the last rule for
constants, which is inspired by Kobayashi’s type system [7]. Types of constants
depend on the transition rule of the automaton, as explained below. Assume
¢ ES; . Then for any (normal) word w accepted from ¢, aw is accepted from
c¢. By using type-based notations, for any (terminated) word w($) : ¢/, we have
a(w($)) : c. Thus a can be considered as a function of type ¢ — c.

We say that a type environment A is an invariant of the rules R, written
Aby RyifAjx: NOFpyt:choldsforal F: A©® - ce€ Aand Foe —teR.
We write Ay (R,S): NO = cif Ay R and A,$: AO Fpr S$:c (in the
type system, $ is treated as a variable).

Theorem 1. Let G = (N, X, R,S) be a CFG, M be a PDA, ¢ be a configuration
of M and F be a set of configurations of M. Then Lg(S) C La(e, F) if and
only if Aty (R,S): ANF — ¢ for some type environment A.

Proof. The “if” direction follows from the facts that typing is preserved by
reductions of S$, and that $: A F -y w$:c implies w € Ly (¢, F). For the other
direction, let A={F: \NO —d | Lg(F) C Ly(d,0)}. O

By Theorem 1, the pair of the initial configuration ¢ and the set F of
accepting configurations can be identified with the type AF — c¢. We call
the type ¢ = AF — c the initial type and write Lp(t) for Las(c, F). When
AbFp (R,S) o7, the environment A is called a witness of Far (R, S) : 7.

We introduce a partial order on witnesses and show the existence of the
minimum witness.

Definition 1. The refinement ordering C is the smallest partial order that sat-

isfies: (1) @1 C Oy if ©1 C B9, (2) (NO1L = 1) E(ANO2 = ¢2) if c1 = co and

01 C Oy, and (3) Ay C As if Ai(x) C Ay(x) for every x. O

Lemma 1. Let G = (N, X, R,S) be a CFG, M be a PDA and v be its initial
type. Assume that Lg(S) C Lpr(t). Then the set of witnesses of Far (R,S) : ¢,
i.e, {A| Ak (R,S): 1}, has the minimum element with respect to C.

Proof. Let . = \ © — c. For a non-terminal F, we define pre(F') = {w | S$ =%
wFv8}. Let Ag = {F: \NO@ — ¢ | 3w € pre(F). cFY, ¢ and @' = {d' | Ju €



Lg(F).  EYy d'}}. Then Ag Fas (R, S) ¢ and A is minimum: See Appendix A
for more details. O

Ezxample 3. Let Gy be the CFG defined in Example 1, Ay be the PDA defined
in Example 2 and 12 = (¢,x) — (g,*). Since Lg, C L.,(t2), by Theorem 1,
there is A such that A 4, (R,S): t2. The minimum witnesses is given by
{S:(q,A) = (q, A), Fu:(q,A) — (q, A%), Fy: (q, Ax) — (¢, A) | A € {x}T}, where
{x}T is the set of non-empty sequences of . O

Note that a minimum type environment may be infinite as in Example 3. In
the rest of this section, we develop a way to finitely describe (some of) infinite
type environments.

An important property of pushdown automata is that only the top of the
stack affects its transition. Especially, we can add any stack symbols to the
bottom, preserving the transition. For example, let A; be the automaton de-
fined in Example 2 and w = 4ab. Then we have a transition (q1,bbb) FY,
(g2, bb). By adding Laa to the bottom of the stack, we obtain (g1, Laabbb) Fj
(g2, Laabb). More generally, for any sequence A of stack symbols, we have
(ql,gbbb) F4, (qg,gbb). This does not depend on the choice of w, i.e., for
any w such that (g1, bbb) %, (g2,bb), we have (1, Abbb) %  (ga, Abb).

We will formally state this fact in terms of intersection types (see Lemma 2).

Definition 2. For a given (possible empty) sequence B of stack symbols and a
given configuration (q, A), we define the stack extension (¢, A) ft B as (¢, BA).
We define (6 {} B) = {e B | c € O} for the set of configurations, (AN O — ¢)
B = A6t B) = (¢t B) for the type, At B={x:(r ff B) | z:7 € A} for the
type environment and (AFt:7) ft B= (At B) F t: (7§t B) for the judgement.
We define Aﬂ:UE(AﬂE). O

Lemma 2. If Aty t:7, then for any B, we have (Abp t:7) 1 B.
Proof. Easy induction on A bpy t: 7. ad

We write A I—TAT/I R, read “A is an invariant of R up-to stack extensions”, if
for every F: ANO© = c€ Aand Fx — t € R, we have (AM), 2 : AO Fp t:c.
Note that while F': A © — ¢ is chosen from A, the environment to type the body
of F is A". The judgement A I—E\Z (R,S): NO — cis defined as A 1, R and
(Aﬂ),$ : /\@ l_]\/[ S$ZC.

By using this up-to technique, we can sometimes (but not always) finitely
describe a witness type environment as shown in the example below.

Ezample 4. Recall Example 3. We have A I—ILZ (R, S):t2, where A = {S:(q,*) —
(q,%), Fq : (g, %) = (q,%*), Fp: (¢,%%) = (¢,%)}. Note that A is a finite set. O

This up-to technique is sound in the sense that if a CFG is typable up-to
stack expansions, then it is typable without using the up-to technique.

Theorem 2. A I—ﬁ/l (R, S) : ¢ implies (A") Far (R, S) : ¢.



Proof. We should show that (AT) Fy; R and (AT),$: AO Far S$: ¢, where
t = \ © — c. The latter comes from the assumption. To show the former, assume
F:r € (A" and F2 — t € R. Then we have F:o € Aand 7 = (o f A) for some
oand A. Let 0 = AZ — d. Then 7 = A(Z 1+ A) — (d ft A). We should show
that (AT, (z: A Z ft A) Far t:(d  A). By the assumption, (A"),z: A\ = ks t:d.
By the previous lemma, we have ((A™) 1t A), (z: A Z ft A) bas t:(d 4+ A). Because
(AT 4 A) C (AMT = AT we conclude (AM), (z: NS A) Fart:(d A). O

4 Refining Witnesses

It is in general difficult (in fact undecidable) to check whether a given CFG G
is typable in Ty, for a given PDA My, so that we first consider a simpler PDA
M and check whether G is typable in Ty, . If we choose M; so that (i) we have
a witness of typability of G in Ty, and (ii) M; is a refinement of M, then G
is typable in Ty, if and only if there is a witness that is a refinement of the
witness in Ty, (Section 4.1). Moreover, if a witness in Tpy, is finite, then the
set of its refinements is a finite set. Thus, we can decide the typability in Tas,
by exhaustively searching a witness from the (finite) set of refinements of the
witness in Tpz, (Section 4.2).

4.1 Refinements of Automata

We first define the notion of refinements of automata. As we will see below, if
M is a refinement of My, then Ms is a good over-approximation of M.

Definition 3 (Refinement of Automata). Let M; = (Q1,X,11,d1) and
My = (Q2, X, I,09) be pushdown automata. A homomorphism f: M; — My
is a pair of mappings fe:Qi — Qo and fF~:F1 — Iy such that for any
(q,A,a,q,B) €51, (f9(q), fF'(A),a, f°(¢), fF(B)) € d2, where fI'(B1By...B,) =
fE(B) Y (By) ... fI'(B,). We often omit superscripts Q and I', and simply
write f(q) and f(A). O

The homomorphism f: M; — Ms can be naturally extended to mappings on
configurations, types, type environments and judgements, e.g., the mapping on
configurations is defined by f( (¢, A4)) = (f9(q), fT'(A)).

When there is a homomorphism f: M; — Msy, we say Ms is an approximation
of My and M; is a refinement of Ms. A type 71 in Ty, is a refinement of 75 in
Tar, if f(m1) C 72. Refinements of type environments are defined similarly. We
can always find a homomorphism f:M; — Mo if it exists, since both of @1 — Q2
and I7 — I are finite. We write f: (My,t1) — (Ma, o) if f: My — My and
f(t1) = to. The next lemma justifies to say that M is an (over-)approximation
of M1 .

Lemma 3. If f: (My,11) = (Ma,2), then Ly, (11) C L, (t2). O



Ezxample 5. Let A; and Ay be automata defined in Example 2. Then A; is a
refinement of A by a homomorphism (h?, ") : A, — Ay given by h9(q,) =
h®(qz2) = q and h''(a) = AT (b) = hT'(1) = *. O

In the following, we fix two pushdown automata (with their initial types)
(My,t1) and (Ma,t3) and a homomorphism f: (My,11) — (Ma,t2) between
them. For readability, we write 77 instead of Ty, , £1 instead of Ly, and so on.

Validity of type judgements and minimality of a witness are preserved by f.

Theorem 3. Let G = (N, X, R,S) be a CFG, My and My be PDAs, 11 and to
be their initial types and f: (My,t1) — (Ma,t2) be a homomorphism.

1. If Ay, (RyF) iy, then f(A) Fan, (R, F) @ ta.
2. If A is the minimum witness of by, (R, F) i1, then f(A) is the minimum
witness of Far, (R, F): ta.

Proof. 1t is easy to prove that A by, ¢:7 implies f(A) kg, t: f(7) by induction
on t. The first part of the claim is an easy consequence of this proposition. The
second part is clear from the construction of the minimum witness in the proof
of Lemma 1. O

A witness A, in 75 ensures the existence of a “smaller” witness in 7.

Theorem 4. Let G = (N, X, R,S) be a CFG, My and My be PDAs, 11 and to
be their initial types and f: (My, 1) — (Ma,t2) be a homomorphism. Assume
that A FTJLIQ (R,S) :te. If Ay FT]\% (R,S) : 11, then there exists Ay such that
ALY (R,S) 10 and f(A}) T As.

Proof. Here, we give a proof sketch. Since A; I—RII (R,S) : 11, there is the min-
imum witness type environment by Lemma 1. Let A? be the minimum witness
of Faz, (R,S):11. Note that f(A?) & Al by Theorem 3.

We shorten the types in A{, appropriately. We define (g, A1 Ay ... A,,) I n=
(¢, Apt1...Ap) if m > n (and undefined otherwise). This operation is extended
to types by (A@ = ¢) bn=A{dn|de O} = (cln) Let (F, 70,75, Ay)
be a quadruple such that F:7) € A}, F: 715 € Ay and f(7{) C (2 ﬁg) The
corresponding type binding F : 7] of the quadruple is defined by 7 = 7 || n,
where n is the length of Ay. Let A} be the set of all such bindings F : 7{. Then
A] satisfies the above conditions: See Appendix B for a more detailed proof. O

4.2 Procedure and Sufficient Condition for Termination

Recall the overall picture of our method to understand the role of the procedure
developed here. The final goal is to decide whether G is typable in 77. To solve the
problem, we first check whether G is typable in 73, and if so, use the derivation for
T2 and Theorem 4 to check whether G is typable in 7;. The procedure developed
here takes care of this last step.



Reﬁne((], (M1, L1), (M2, LQ), f, Ag)
1. Let n:=0and A} := {F:7 | 3m. F: 72 € Az and f(m1) C 72}
2. Compute a fixed-point A; of H starting from A{ as follows:
(a) Let ATT! := H(ATD).
(b) If AT = ATT! then A7 is a fixed-point of H.
(c) Otherwise, let n:=n+ 1 and goto (a).
3. Check whether S:11 € A;. If so, return A;. Otherwise, return untypable.

Fig. 1. The procedure to refine a witness

Before describing the procedure, we define the notion of finiteness. We say
that any base type ¢ is finite and a type A\ @ — c is finite if O is a finite set.
A type environment A is finite if A is a finite set and for every type binding
x:7 € A, T is finite.

Figure 1 shows the procedure that refines a finite witness in 75 to one in 7;.
Here for a given grammar G and its rewriting relation R, the function H on type
environments in 77 is defined by

H(A) ={F: \NO = ceA|V(Fz—t)eR Ayz: NOF], t:c}.

The procedure takes five arguments: a grammar G, two PDAs with the initial
types (Mi,¢1) and (Ma, t2), a homomorphism f: (M, 1) — (Ms,t2) and a finite
type environment A, in 75 such that A, I—Xb (R, S):ta. The finiteness of the type
environment ensures the termination of the procedure. The procedure returns a
witness if it exists, and otherwise returns untypable.

Ezxample 6. Let Gy be the CFG defined in Example 1, A; and Ay be PDAs
defined in Example 2, A’ be the finite witness of k4, (R,S) : t4, defined in
Example 4, f: Ay — Az be the homomorphism defined in Example 5 and
ta, = (q1,L) A (g2, L) — (q1,L). We compute a witness of 4, (R,S) : 14, by
our procedure Refine.

The starting point A{ for computing a fixed-point of H is the set of all
refinements of type bindings in A’. For example, AJ(S) is given by

AD — (q1,a), A0 — (q1,b), AO — (q1, L)
/\(Z) — (qz,a), /\@ — (QQ,b), /\(Z) — (CIQ,L)
(q1,a) - (q1,a), (q1,2) = (q1,b), (q1,a) = (q1, 1)
(q1,a) — (g2, ), (q1,2) = (g2, b), (q1,a) = (g2, 1)
— (qlva)a (Q17b) — (qlvb)v (qlab) — (qlaj—)

((Ih b)

(q1,2) A (q1,b) = (q1,a),
(Q17a) A (lh,b) A (qQaa) — (qlab)a

since A’(S) = {(q,*) — (¢, *)}. The type 7 = (¢1,a) — (g2, ab) does not belong
to AY(S), since f(7) = (q,%) — (q,%*) Z (q,%) — (g,*). The set AJ(S) contains
20 x 6 elements, because there are 6 refinements of (g,x). Similarly, AJ(F,)
contains 2¢ x 18 elements and AY(F;,) contains 2!8 x 6 elements.




Then we filter out wrong type bindings such as S: A0 — (q1,b) € A
by iteratively applying H. For example, S : A® — (q1,b) ¢ H(AY) because
Sz —xeRand AV, 2: NO¥ 4, x:(q1,b).

Be repeated applications of H, we obtain the following fixed-point:

S :A({(q1,B),(@2,B)} UO1) = (q1,B) Be{ab,l}
Alz Fa:/\ {(quB)} UQl _>(qlaBa) f(el)g{(Q7*)}
Fy : A({(q1,Bb), (g2, Bb)} UB2 ) — (q1, B) f(©2) C{(g,**)}

A is an invariant of R and contains S:t4,. So 4, is a witness and returned by
Refine. 0

‘We show the correctness and termination of Refine.

Lemma 4. Let My be a PDA. Given a finite environment A1, a term t and a
finite type T, whether Ay I—TI\T/I1 t: 7 is decidable.

Proof. Induction on the structure of t. a

Lemma 5. Let (My,t1) and (M, i) be PDAs with the initial symbols, f :
(My,t1) = (Ma, t2) be a homomorphism and As be a finite type environment in
Tz. Then the type environment AY defined in Fig. 1 is finite.

Proof. We first show that the following two propositions hold for any finite type
T2 by induction on 75: (i) for any type 71 in Ty, f(71) C 72 implies finiteness of
71 and (ii) the set {71 | f(71) C 72} is a finite set. Since there are finitely many
type bindings in Ay, propositions (i) and (ii) imply finiteness of A§. O

Theorem 5. Let G = (N, X, R,S) be a CFG, (My,11) and (Ms,t2) be PDAs
with the initial types, f: (My,11) — (Ma,t2) be a homomorphism and Ay be a
finite witness of I—TJ\T/[2 (R,S):13. Then Refine(G, (M1, 12), (Ma, t2), f, As) always

terminates, and returns a witness of I—T]bl (R,S) : 1 if and only if it exists.

Proof. First, we show the termination of the step 2 in Figure 1. It is easy to
show that A7 is a finite type environment by induction on n (for the base case,
we use Lemma 5). Thus Lemma 4 implies that we can compute H(A"). Since H
is decreasing with respect to the set inclusion ordering, i.e., H(A;) C A; for any
environment A;, and A{ is a finite set, the fixed-point iteration must terminate.
So the procedure Refine terminates.

Let A} be a witness of I—TJ\% (R, S):t1. Theorem 4 ensures that we can assume
without loss of generality that f(A}) C As. Thus A C AY because A{ is the
set of all refinement type bindings. By induction on n, we have A} = H"(A]) C
H"(AY) = A7, since A} is a fixed-point of H and H is monotonic. So S:t; € A}
for any n, especially S: 11 € Ay. O



5 Applications: Some Decidability Results

5.1 Balanced Parenthesis and Regular Hedge Languages

Let X be an alphabet. We define a PDA B = ({¢}, ¥ U ¥, ¥ U {1}, ), where
0 ={(¢;A,6,q,A4a) | A€ YU{L},a € Z}U{(¢,a,a,¢,¢) | a € X} with the
initial type tp = (¢, L) — (g, L). Then L (tg) is the set of all balanced tags. For
example, 4b1b1babod € L(t) and bibs ¢ L(1g), where a, by, by € X. It is known
that, for a given CFG G, whether L5 C L is decidable. Moreover, if Lg C Lg,
we can construct a finite type environment A such that A }—g (R,S) : 5.

Assume that (M, ¢) is a refinement of (B, tg), i.e., thereis f : (M, 1) — (B, t5).
Then we can decide Lg C Ly in the following way. First, we decide whether
Lg C Lg. If not, then Lg g Ly by Lemma 3. If Lg C L, we construct a finite
witness A and call Refine(G, (M, ), (B, t5), f, A).

This argument leads to the following decidability result.

Theorem 6. Let G be a CFG and M be a refinement of B. Then Lg C Lp(¢)
is decidable. O

We have the following theorem for the class of refinements of B.

Theorem 7. A language is accepted by a refinement of B if and only if it is a
reqular hedge language [14].

Proof. 1t is easy to prove using an algebraic representation of a regular hedge
language, called binoid [12, 18]. a

The above argument therefore gives a new definition of the class of regular
hedge languages and a new decidability proof of the inclusion problem between
CFLs and regular hedge languages.

5.2 Counting Automata and Superdeterministic Languages
We define the class of PDAs named C-machines.

Definition 4. A PDA (M, pr) with the initial type is called a C-machine if its
stack alphabet is singleton and vp; is finite. a

A configuration of a C-machine is expressed by a pair (¢, n) of a state ¢ and
a natural number n representing the length of the stack sequence. We define the
stack extension f} m for C-machines by (¢,n)  m = (¢,n+m) and (A O — ¢)
m=ANdftm|deO} = (cftm).

Theorem 8. For a given CFG G and C-machine (M, vpr), whether Lo C Lar(iar)
is decidable. Moreover, when Lg C Lps(tpr), we can construct a finite type en-
vironment A such that A" (R, S): 1.



Proof. We give a proof sketch: See Appendix C for more details. For simplicity,
we assume that 1y = cg — cs. Let ¢cg = (¢g,ng) and c¢s = (gs,ns). Let N
be a finite-state automaton obtained by removing the counter of M, i.e., ¢ F} p
if and only if (¢,n) E$, (p,m) for some n and m. Roughly speaking, N is an
“approximation” of M. So we can “refine” a witness in 7Ty to a witness in Tj;.
Since N is finite-state, we can decide whether Lg C Ly (ge — gs). If not, then
Lg & La(ear). Assume Lg C Ly(ge — gs) and let Ay be the minimum witness
of Fx (R, S) : qr — gs (here Ty is the type system whose base types are states
of N, instead of configurations).

For a given type binding F : A{q1,...,qm} — q € Ay, we construct a
corresponding type binding in 7. Since Ay is minimum, from the construction
of the minimum witness (see the proof of Lemma 1), we have w € pre(F)(=
{v | Ju. S$ =* vFu$}) and w; € Lg(F) (1 < i < m) such that ¢s FY ¢ and
q EN' ¢ for all i (a different choice of w and w; gives a different upper-bound
of witnesses). We define n and n; by (¢g,ng) FY; (¢,n) and (q,n) Ey; (g, n4).
Then the corresponding type binding is F : A{(q1,71), -, (@msnm)} = (g, n).

Let A%, be the type environment collecting such type bindings. We define
Ay =A{F:7| 3o, k. F:o € A, and 7 {+ k = 0}. Then Ajy gives an upper-bound
in the sense that if a witness of I—E\Z (R,S) : tar exists, then a witness included
by Aps exists. a

Similarly to the argument in the previous subsection, Theorem 8 leads to the
following decidability result.

Theorem 9. For a given context-free grammar G and a pushdown automaton
M which is a refinement of a C-machine N, whether Lg C Ly is decidable. O

The class of refinements of C-machines is closely related to the class of su-
perdeterministic pushdown automata proposed by Greibach and Friedman [5].

Definition 5 (Superdeterministic PDAs [5]). 4 pushdown automaton M is
of delay d if for any series of one-step transitions by €, its length is less than or
equal to d, i.e., if co IF5; c1 V5, -+ IF5; ¢ then n < d. A pushdown automaton
M(¢) is superdeterministic if it satisfies the following properties: (1) M is of
delay d for some finite number d, (2) if (q,A;) Eir (p1, B1) and (g, Ay) EY
(p2. Ba), then p1 = pa and |By| — |A1| = |Ba| — |As|, here |A| is the length of
A, and (3) v is finite. A language L is superdeterministic if L = Ly for some
superdeterministic pushdown automaton M. a

The class of refinements of C-machines and of superdeterministic PDAs are
incomparable as classes of PDAs. However, they are equally expressive in the
sense that the class of languages accepted by refinements of C-machines is equiv-
alent to the one accepted by superdeterministic PDAs.

Theorem 10. A language is superdeterministic if and only if it is accepted by
a refinement of a C-machine.

Proof. We give a proof sketch. We first prove the right-to-left direction. A state
q of C-machine C has a e-loop if there is a sequence of e-transitions starting



from and ending with ¢, ie., (g,n) F& --- IFE (¢, m) for some n and m. By
removing states which have e-loops, we can construct an equivalent C-machine
that is of finite delay. Similarly, we can assume without loss of generality that any
refinement of a C-machine is of finite delay. Consider condition (2) in Definition 5.
The condition on the stack length must be satisfied by all refinements of C-
machines, but the condition on the state may not in general. However we can
always construct another refinement that satisfies the condition by moving the
refined state information to the stack top, i.e., instead of refining a configuration
of the C machine (¢,n) to (¢’, A1 ... A4,), refining it to (¢, (A1,q1) ... (An,q')).
So for all refinements of C-machines, we can construct another refinement which
is superdeterministic and accepts the same language.

For the other direction, let M be a superdeterministic PDA and d be its delay.
Note that for any configuration (¢, BAg41...A1), only d 4+ 1 stack symbols at
the top (i.e., Agi1...A;) affect a transition (¢, BA) E%, (¢/, BC). So we can
construct another superdeterministic PDA M’, whose transition coincides with
the transition of M and is normalized as follows:

(¢. BA) IF,, ((g,a), BA)
5 (4@, Av), BAgys - .. Ag)

“_il’ (<CI7 a, g>7 E)
<, (¢, BO).

In the first stage of the transition, M’ records a on its state, pops its stack
d times and records them on the state. Then the state is a triple of the form
(g,a, A). In the last stage, M’ computes ¢’ and C from its state (g, a, A). See
Appendix D for more details about the construction of M’.

Let f(-) be a mapping which forgets stack symbols such as

8(({(q,a,An ... A1), By ... B1)) = ({g,a,n), m).

The mapping f(-) and the transition relation § of M induces a transition rela-
tion §(4) of some C-machine, which is an approximation of M. Condition (2) in
Definition 5 ensures that f(d) is deterministic. O

The decidability of the inclusion problem between context-free languages and
superdeterministic languages has been proved by Greibach and Friedman [5].
The proof of Theorem 9 with Theorem 10 is an alternative and arguably simpler
proof of the result.

6 Related Work

There have been a number of studies on the inclusion problems for subclasses of
context-free languages (see [3] for a survey).



One of the strongest decidability results is about the inclusion between
context-free languages and superdeterministic languages, proved by Greibach
and Friedman [5]. Nguyen and Ogawa [15] gave a new proof by simplifying the
technique used in [5]. Greibach and Friedman [5] reduced the problem to the
emptiness problem for a pushdown automaton and Nguyen and Ogawa [15] gave
simpler construction of a pushdown automaton.

Minamide and Tozawa [12] have proposed an algorithm for inclusion between
context-free languages and regular hedge languages, motivated by the validation
of dynamically generated HTML documents. As demonstrated in Section 5.1, our
method gives an alternative algorithm for the same problem, although our algo-
rithm may not be as efficient as Minamide and Tozawa’s. Mgller and Schwarz [13]
have developed an algorithm to validate a context-free grammar against SGML
DTDs, dealing with tag omissions and exceptions. It is not clear whether our
method can provide a similar result.

The subclass of the context-free languages named wvisibly pushdown lan-
guages [1,2] has many good properties such as boolean closure and decidability
of the emptiness problem in polynomial time. Some researchers have extended
the class preserving such properties. Caucal [4] has introduced a notion of syn-
chronized pushdown automata and Nowotka and Srba [16] have proposed height-
deterministic pushdown automata. The refinement of a counter machine is similar
to those notions. Since the class of visibly pushdown automata can be defined as
the class of refinements of a certain automaton, our notion of refinements may
give an extension of them.

Recently, type-based approaches to model-checking, verification and language
inclusion problems have been extensively studied [7-9, 11, 19, 20]. Kobayashi and
Ong [7, 9] have proposed a type system for recursion schemes that is equivalent to
the modal p-calculus model-checking of recursion schemes (the decidability of the
model-checking problem has been proved by Ong [17]). These type systems have
been applied to verification of higher-order programs [7,11,10], and practically
effective typability checkers have been developed [6, 8]. The present work extends
type systems to deal with infinite state systems, namely deterministic pushdown
automata. Types are now configurations of pushdown automata, rather than
states of automata, which are finite a priori.

In our previous work [20], we gave a type-based proof for the inclusion prob-
lem between context-free languages and superdeterministic languages. But the
proof is specific to superdeterministic languages, and difficult to generalize.

7 Conclusion and Future Work

We have proposed an intersection type system characterizing the inclusion by a
deterministic context-free language, and given a sufficient condition of decidabil-
ity of its typability. Future work includes extensions in two directions, extending
grammars and automata. A naive extension to higher-order recursion schemes
fails to establish the counterpart of Theorem 4. That is because the up-to tech-
nique used in this paper is too crude to deal with them. To extend automata is



easier than grammars. For example, we can develop a framework for higher-order
pushdown automata. So what we should do is to find a language accepted by a
higher-order pushdown automaton which has decidable inclusion problem and a
practical use.
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A Detailed Proof of Lemma 1

Let G = (N, X,R,S) be a CFG, M be a PDA and « = A\ © — ¢ be its initial
type. Assume that Lg C Lps(0).
For a sequence a7 ..., of non-terminals and terminals, we define

Lo(ag...an) ={w]|ar(az(...(@n(3))...)) =% w$}
pre(ar ...an) = {w | S =% wlai(az(... (an(v($)))... )}

We can assume without loss of generality that for every sequence aj...au,
Lg(ag...an) # 0 and pre(ay ... a,) # 0. Let

Ay = {F:/\E —d|Jw € pre(F).cEYy, dand £ ={d' | Ju € Lg(F).dEY, d'}}.
Lemma 6. Let F be a non-terminal and F : 7 € Ag. Then Lg(F) C L (7).

Proof. Let 7 = \ & — d. Assume w € Lg(F'). By the definition of Ay, we have
u and v such that S$ =% w(F(v($))) and ¢ F},; d. Since u(w(v(3))) € Lg C
Ly(t) =Ly (A\O — ¢), we have cFY, d EY, d' EY, ¢ for some d’ and ¢. By the
definition of Ay, we have d’' € 5. So w € Lj(\ £ — d) as required. O

Lemma 7. Let a;...qa, be a sequence of non-terminals and terminals, and
ANE — d be atype. If Lo(ar...an) C Ly(ANZE — d) and there exists w €
pre(as ... ay) such that ¢ EY, d, then Ag,z: A Z Far ar(aa(... (an(z))...)) d.

Proof. By induction on the length n of the sequence. The base case n = 0 is
trivial. We prove the induction step. We assume that oy = F € N. The case
a1 = a € Y can be proved by the same way.

Let w be a normal word such that w € pre(Fas...a,) and ¢ EY, d. By the
definition of Ay, we have (F: AE' — d) € Ap for some ='. Let d’ € Z'. We
should show that Ag,z: AZ Fa aa(...(an(x))...):d. Because F : A Z/ —
d € Ay and d' € Z’, by the definition of Ay, we have u € Lg(F') such that
d Y, d'. We have Lg(az...an) € Ly(AE — d) because Lg(waz...ap) C
Ly(NZE — d) and d FY; d'. Therefore, wu € pre(as...ay), ¢ EY* d' and
Lg(az...an) C Ly (AE — d). So by the induction hypothesis, we have Ag, z:
ANZ by as(. (ap(x))...): d. O

Lemma 8. Ag by (R,S):¢.

Proof. Tt is easy to show that Ag,$: AO Far S$: ¢ from Lg(S) C La(e) and
the definition of Ay. We show Ag i R.

Let F:AZ = de€ Agand Fax — aj(as(...(an(z))...)) € R. By the defini-
tion of Ay, there is w such that w € pre(F') and ¢ FY; d. Then w € pre(a; ... ay)
because pre(F) C pre(as ...ay,). We have Lg(ag...a,) C Ly (AZ — d) by
Lg(ag...an) C Lg(F) and Lemma 6. So by Lemma 7, we have Ag,z: A\ = Fpy
ar(aa(... (ap(z))...))  d. O

Lemma 9. For all A such that Aty (R,S) 11, we have Ay CE A.



Proof. Let F: \ 5y — ¢o € Ap.

First, we show that F': A & — ¢y € A for some =. By the definition of Ag, we
have S$ =% w(F(v(8))) and ¢ EY; ¢o for some w and v. Since A, $: A © ks S$:c
and the typing is preserved by reductions, we have A, $: A O Fyr w(F(v(3))):
c. By induction on the length of w, we have A, $: AO bk Fu$ : ¢o, using
determinism of M. Thus F: A 5 — ¢p € A for some =.

Second, we show that =y C =Z. Let dy € Zj. By the definition of Ag, we have
w € Lg(F) such that ¢o FY, do. Since F: A= — ¢g € A, we have A, $: A\ E
F$:co. Thus A, $: A\ = Far w$:cg because w € Lg(F') and the typing is preserved
by reductions. Since ¢o FY; do, we have A, $: A = )y $: dy. Therefore dy € =
as required. O

Theorem 1 is a consequence of Lemma 8 and Lemma 9.

B Detailed Proof of Theorem 4

Claim

Let G = (W, X, R, S) be a CFG, M; and Ms be PDAs, 11 and 5 be their initial
types and f: (Mj,t1) — (Mas,t2) be a homomorphism. Assume that As I—TI\TA,2
(R,S):e. If Ay }—Kh (R,S):t1, then there exists A} such that A} }—TJ(/[I (R,S):11
and f(A]) C A,.

Proof

Since A4 I—TJQI (R,S) : t1, there is the minimum witness type environment by
Lemma 1. Let A9 be the minimum witness of ks, (R, S):¢1. Note that f(AY) C
Al by Theorem 3.

We define (¢, A1As... Ap) I n=(q,Ans1... Ap) if m > n (and undefined
otherwise). This operation is extended to types by (A@ — ¢) 4 n = A{d |
n|deO}—(cln).

Let (F, T{),Tg,gg) be a quadruple such that F: 1) € AY, F: 1, € Ay and
f(T) E (12 AVQ) The corresponding type binding F': 71 of the quadruple is
defined by 71 = 70 | n, where n is the length of As. Let Al be the set of all
such bindings F': 7{.

We show that Af satisfies the requirements of the above claim. It is trivial
that f(A}) C Ay by the construction. We prove A} FT]\% (R,S): 1.

Lemma 10. Let ¢} and ¢y be configurations of My and My, respectively. Assume

1. f(&) E (e2 f As),
2. F:NOY = e AY and
3. FZA92—>CQ€A2.

Then f(NOY — ) C (A B2 — c2) t Ag).



Proof. Tt is enough to show that for every dJ € 09, there is dy € ©5 such that
f(d}) = (d2 1 Az).

Let d € ©Y. Since AY is minimum, by the construction of the minimum
witness (Lemma 1), we have w € Lg(F) such that ¢f F}; df. Since Ay FTI\T/IQ
(R, F):\ ©2 — c2, by soundness (Theorem 1 with Theorem 2), we have Lg(F) C
L, (N Oz — ¢2). Therefore we have ¢y Fiy, d2 for some dy € Os.

We show that f(d?) = (da ft Az). We define d} by (cz ft Az) Fiy, dy. Let n
be the length of Zg and assume
Aq=(q,A1... A7)
C2 'ﬂ AQ = (QQ,A%AT)

Therefore Ay = AL ... A? and ¢ = (g2, ARt AD). Then we have the following
transitions:

A = (@, AL AP) R, (BB = dY
(c2 11 A2) = (a2, A3 AT') FY, (0, By - BYY) = d
e = (a2, A5 A FY (0, BE T BYY) = da
Because f is a homomorphism between M; and M, we have f(AY) = A} for
every 1 <i < m and f(B}) = B: for every 1 <i < m/.

We claim that A% = B! for every 1 < i < n. Assume it is not the case. Then
A7 is popped during the transition ¢ Fir, dY, i.e., for some prefix ua of w,

(q1, A1 - A7) Ey, IR0y, M0y, M5y, o RSy, (0, A - AT),
where we abbreviate ¢ 4, ¢/ E}, ¢ for some ¢’ to ¢ F§; F}, ¢”. Then we have
(q1, AL A7) B RS B FS - IFSy, (p1, AT - AT)
(g2, A3 ... AT B4 RS LIRS LIRS < IFSy, (P2, A ... AB)
(g2, A3 AR B G IFS LIS - IFSy, (P20,

where € denotes the empty sequence. So the transition starting from (ga, Ag“ AT

get stuck. It contradict to the assumption. Thus A} = B for every 1 <i < n.
Then we have A = Bi for every 1 < i < n, because A} = f(A}) = f(Bi) =

Bi. Therefore f(d9) = d}, = (dy 1+ A3), as required.

O

Lemma 11. Let a; € N UX. Assume

1. f(NOY = &) T (A B2 — c2) i Ag),

2. AV x: NOY R, ar(as(... (an(x))...)): ) and
8. Al 2 N6y Fog, ar(as(.. . (an(x))...)) : ca.

Let NO, — ¢, = (NOY = @) I m), where m is the length of Ay. Then
(AN 2 \NO) Far, ar(az(. .. (an(x))...)):ch.



Proof. By induction on n. The base case n = 0 is trivial. We assume that n > 0.
There are two cases. The case a; € X is easy. Assume oy = F € N. Let
t = as(...(ay(x))...). Then we have the following derivations: the derivation
in Tq
AV x: NGOV Fay, FANEY — Az NOY By, t:d)  (for all df € Z9)
Az NOY by, F(t): Y ’

[n

and the derivation in 75

Ag,x:/\eg}—MQFl/\EQ—)CQ A;T?wi/\@Q'—]ybt:dQ (fOI“aHdQGEQ)
Al NOy b, F(t) o

So F:ANZY =& eA)and F: \Zy — ¢y € All. By the definition of AT, there
are B and F: \ 5} — ¢} € Ag such that A 52 — ca = (A 55 — ¢4) 1+ B. Then,
by Lemma 10, we have

FINED = ) 2 (N 35— ) 1 (ABa)) = (/\ 52 — c2) 1 Aa).

Especially, for any d? € =0, we have dy € Z, such that f(d9) = do } As.
Therefore, for all dj € =Y, there is dy € Z5 such that

FNOY = d) E((\©:2 = do) 1t As).
So by the induction hypothesis, we have (AT, z: A Oz Far, t:(dY |} n). The
rest of the proof is straightforward, using Lemma 10. O

Then A} I—T]\TJ1 (R,S): 1 is an easy consequence of A Fyr, (R, S) : ¢ and
Ay FTILIQ (R,S) :t2 and Lemma 11.

C Detailed Proof of Theorem 8

We fix a C-machine C(¢) in this section. Let ¢ = A F — (¢s,ng) and L be the
maximal number in F, i.e., L = max{n | (¢,n) € F}. Since ¢ is finite, L is
well-defined.

The followings are the key properties of C-machines. They are easy to prove.

Lemma 12. For any word w, if (g,n1) EE (¢1,n)) and (¢,n2) FE (g5, 1), then

4, = ¢4 and n} —ny = nbh —ns. O
Lemma 13. For any word w, if w € Loc(AF — (¢,n1)) and w € Lo(AF —
(q,n2)), then |ny —na| < L. O

Let G be a CFG. Assume that £ C L&(¢). Then there is the minimum
witness of F¢ (R, S) :¢ by Lemma 1. Let Ag be the minimum witness. We show
some properties of Ag. Recall that Ag is defined by

Aoz{F:/\Q—>c|@:{d|3wEEg(F).ch}\”/[ d} and Jw € pre(F). (gs,ns) Fé& ¢},

where pre(F) = {w | S$ =% wFv$}. In other words, if F': AO — ¢ € Ay, we
know that



1. ¢ is reachable by pre(F') from the initial state, and
2. O is the set of all reachable configurations by Lg(F) from c.

Lemma 14. Assume F: \O1 — (g,n1) € Ag and F: \ Oz — (g, n2) € Ay and
ny > ny. Then (AO1 — (g,n1)) 1t (ne —n1) = AO2 = (g, n2).

Proof. A consequence of the definition of Ay and Lemma 12. We should show
that (¢’,n}) € ©1 implies (¢',n] + (n2 — n1)) € Oz and (¢',n}) € Oy implies
(¢',n% — (n2 —ny)) € O1. Here we prove the latter. The former can be proved in
the same way.

Assume (¢',n}) € O3. We show that (¢',ns — (n2 — n1)) € ;. By the
definition of Ay, there is w € Lg(F') such that (¢,n2) E& (¢/,n5). By soundness
(Theorem 1), Ag F¢ (R, F): A ©1 — (¢,n1) and w € Lg(F) implies that there is
some configuration d such that (¢,n1) Fg d. By Lemma 12, we have d = (¢, n}),
where n} —ny = nf, —ny. Thus n}j = n} — (n2 — ny). By the definition of Ay, we
have (¢',n} — (n2 — n1)) € O as required. O

A consequence of Lemma 14 is that for each F' and ¢, there is a canonical
type binding F: A© — (¢,n) € Ao in the sense that all other type bindings
of the form F: A©@ — (q,n') € Ay are obtained by its extensions, i.e., there
is k such that (A© — (¢,n)) # k = ANO" — (g,n). Let Ac be the set of all
canonical bindings defined by

AC:{F:/\Ql — (q,nl) GAO |V(F/\@2 — (q,ng)) EA(). ni STLQ}

Clearly, Ac I—g (R,S): ¢
The next lemma restricts the shape of types in Ay (and thus types in Ag).

Lemma 15. Assume F : ANO — (¢,n) € Ag and (p,m),(p,m') € O. Then
|m —m/| < L.

Proof. A consequence of the definition of Ay and Lemma 13. By the definition
of Ag, we have w,w' € Lg(F) such that (q,n) F% (p,m) and (q,n) S (p,m’).
Moreover, by the definition of Aj, we have v € pre(F') such that (¢s,ns) Fg
(g,n). By the definition of pre(F), we have u such that S$ =% vFu$. Since
L C Lo(AF — (gs,ns)), we have vwu,vw'u € Lo(AF — (gs,ns)). As a
result, we have two transition sequences

(gs,ns) g (¢,n) ES (p,m) B¢ d
(gs,ns) & (g,n) EE (p,m/) EE d

where d,d’ € F. Especially, u € Lo(AF — (p,m)) and v € Lo(AF — (p,m’)).
Thus, by Lemma 13, we have |m —m/| < L. O

Now we construct A containing Ac.

Let N be a finite-state automaton obtained by removing the counter of C, i.e.,
the set of states of N is equivalent to C and p E% ¢ if and only if (p,n) EL (¢, m)
for some m and n. Let 7/ = {q | (¢,n) € F}.



We solve the typability problem of G in Ty . Since NV is a finite-state automa-
ton, the sets of types and type environments are finite. So we can decide whether
there is a witness of Fy (R, S): AF — ¢s and construct the minimum witness
if it exists. Let Ay be the minimum witness of Fy (R, S): AF — gs.

For each F : A©® — q € Ay, we construct a type binding in T¢. Since Ay
is minimum, there are words which satisfy the following conditions:

1. v € pre(F) such that gs F% ¢
2. w, for each p € O such that ¢ IZ%” p.

We define configurations (g, n) and (p, m,) (for each p € @’) of C by (¢s,ns) F&
(g,n) and (g,n) ES” (p,m,) (if no such configurations exist, then Lg ¢ Lo(1)).
Let

T:/\{(p,mp+1€) |pe® and — L <k <Landm,+k>0}— (qg,n).

The corresponding type binding in T¢ is F': 7. Let A; be the set of all such
bindings.

Lemma 16. Let 7 be the type constructed above. Then there is o such that
F:0eAyando C .

Proof. Since v € pre(F'), by the definition of Ag, thereis F': A © — (q,n) € Ay.
Let (p,m') € ©. We should show that m’ = m, + k for some —L < k < L.
By the definition of ©’, we have p € ©'. By the definition of (p, m,), we have
(p, myp) € ©. From Lemma 15, we have |m, —m/| < L. Thus —L <m, —m/ < L
as required. |

Then A, is bigger than A¢ in the following sense.

Lemma 17. For any F:0 € Ag, thereisk and F:7 € Ay such that (o { k) C 7.

Proof. Let 0 = A © — (p,n). By the construction of A¢x, we know that (p,n) is
reachable by pre(F') from (gg,ng) in C. Thus p is reachable by pre(F') from ¢g
in N. By the construction of Ay, there is a type binding F: A©®" — p € A;. Let
T=AN6O" —np.

By Lemma 16, there is a type binding F': 7/ € Ap such that 7/ C 7. Since the
type o is canonical, there is k such that o f} k = 7/. Therefore (c k) E7. O

We define A as {F:0 | 3k, 7. (0 k)C7and F:7 € A}
Lemma 18. A C A.
Proof. A direct consequence of Lemma 17. O

Since A is finite, we can decide whether G is typable in To. Moreover, if it is
typable, we can construct a finite witness.



D Details of the Construction in the Proof of Theorem 10

Let M = (Q, X, I,4) be a superdeterministic PDA of delay dy with the initial
type ¢ and d = dg + 1. Here we construct the PDA M’ = (@', X, I',¢') in the
proof of Theorem 10 and show its properties. The transition of M is normalized
as follows:

(¢, BAq... A1) M8y ((g,a), BA)
H_i\/l’ (<Q7 a, A1>, BAd e AQ)
Fr ((g,a, A2Ar), BAg ... A3)

F5 ((g,a,Aq... A1), B)

-5 (¢', BC).
We assume that M has a special stack symbol L such that (¢, L) ¥%, and
(q, L) W5, i.e., M gets stuck if it sees L. For a stack symbol A, we write A™ for

n

—

A.. A
The set Q' of states of M’ is defined by
Q' ={qlqeqQ}

U{{g.a)[q€Q,ae X}
U{(g,a,4;... A1) |qgeQ,aec X,i<dVj<i(A;el)}
and the transition relation is given by ¢’ = 1 U 65 U §5 U &}, where
61 = {(qulaa,<qaa>7Al) | qec QaAl € Fvae 2}
65 = {(<Qaa>7A17€7 <Qaa7A1>?€) | qc Qaa € EaAl € F}
(Sé = {(<q, a,Ai_l . A1>7Ai,5‘, <q, a,Ai e A1>,E)
lgeQ,ae X,i<dVj<i(A; el)}
& ={((¢,a,Aq... A)),B,e,¢,BC)
g€ Qae X Vi<dA el),BeTl, (q,Aq... A1) Fiy (¢,C)}.
The automaton M’ records the letter on its state by 7, records stack symbols

by 65 and 65, and computes the next configuration from information recorded
on the state by ¢4. The definition of ¢} uses the transition of M.

Lemma 19. Letq,¢' € Q,a € ¥ andg, B be sequences of stack symbols. Then
(q, A) ES, (¢, B) if and only if (¢, L4 A)FS,, (¢, L? B).

Proof. By the definition of §" and the fact that (g, /T) ey (q’7£~3) if and only if
(q, LA) F%; (¢, LB). To add L% to the stack is needed for the case that the
length of A is less than or equal to d. a

Corollary 1. Ly(¢) = Ly (e LY. O



Then we define a C-machine (M) and show that M’ is a refinement of f(M").
Intuitively, §(M') is given by forgetting stack symbols of M. We write x for the
unique stack symbol of §(M'). The states §(Q’) of j(M’) is given by

1(Q) ={¢lqecQ}
U{(g,a) | g€ Q,ae X}
U {{g,a,%) | g€ Q,ae X, 1<i<d}

and the transition relation §(4’) is given by

5(0") = {(¢;%,a,(q,a),%) | ¢ € Q,a € &}
(¢,a),%,€,(¢,a,1),¢) | ¢ € Q,a € X}
(qa,i—1),%,e,(q,a,i),¢) | g€ Q,a e X,i <d}
(q,a,d),%,e,q ,%x")

lgeQ,ae £,3A,C € I'*(JA] = d and (g, A) %, (¢/,C) and |C| = n)},

where |/~1| is the length of the sequence A. In the last rule, n is uniquely deter-
mined for each ¢ and a because M is superdeterministic.
We define two mappings 1% : Q" — 1(Q’) and §7 : I — {x} by

1%(q) =q
19({q,a)) = (g, a)
hQ(<q,a,Ai...A1>) = < ,a,i>

17 (4) = *.
The following lemma is easy to show.

Lemma 20. The pair (52,47 is a homomorphism from M’ to h(M'). O

By the combination of Corollary 1 and Lemma 20, we conclude that every
superdeterministic language is accepted by a refinement of a C-machine.



